
How to submit your answers: 

Questions 1 and 2 are oral, nothing needs to be submitted. 

Question 3 requires a written answer to be submitted. Prepare a 
single pdf file with your answer, in a neat and readable way. It 
doesn’t matter how you make it, a single pdf made out of pictures 
of hand-written pages is just as fine as a typed version. This file 
has to be submitted via Ufora (Ufora-tools/Assignments) before 
16h30, and before doing your oral check for question 3. 

 

After the exam, please fill out this anonymous survey: 

 

 

 

 

  

When you are finished with this exam, please give 
your (anonymous) feedback on this course via this 
form: https://forms.gle/jJsZ9fDcK2jVYWh48  

https://forms.gle/jJsZ9fDcK2jVYWh48


nuclear methods  
in materials research 

(aka “hyperfinecourse”) 

Monday, May 26, 2025 
13h00-17h00 

 

Question 1 (oral, no preparation) 

This question is an oral one, and requires no preparation. You will get a series of 
straightforward questions about topics that should be common knowledge after this 
course. They can typically be answered in one sentence, at most a few. There is a timer 
of 2 minutes foreseen. The questioning stops when either 

• you have given 5 correct answers, 
• the end of the list of 10 possible questions has been reached, 
• the 2 minutes have passed, 

whichever of these three comes first. If you don’t know an answer at once, you can skip 
that question. 

Question 2 (oral, with preparation) 

In the preparation notes for a meeting at the company where you work, a colleague has 
written that she will report on “the consequences of a recent room temperature LTNO 
experiment for our R&D program”. You remember your course on hyperfine interactions, 
and you make up your mind to explain at the meeting that this has to be nonsense. 
Having a speaking time of max 2 minutes, what will you tell at that meeting?  

You can bring notes and/or pictures with you to the “meeting”, as you feel like. On paper 
or digital, as you prefer. 

(how the story proceeds after your explanation: your colleague was not wrong, it boils down to be a 
confusion about acronyms – LTNO was meant to be a Lithium-Titanium-Niobium-Oxide ceramic. Indeed, 
the meaning of acronyms can be context-dependent…) 

13h00 : start 

13h20 : start of oral part for Q1 

14h00 : start of oral part for Q2 

Whoever has submitted Q3: come for the oral 
check at any time 

16h30: last possibility to submit. Wait to leave 
until after your oral check 



Question 3 (written, with oral check) 

This question deals with the following paper: 

 

 

The paper has as long term goal to test quantum electrodynamics (QED) by comparing 
QED predictions for transition energies in highly charged ions with experimental 
measurements. It turns out that a very precise knowledge of the nuclear magnetic 
moment of 208Bi is needed in order to interpret such an experiment. Even up to the point 
that the impact of the hyperfine anomaly on the magnetic moment needs to be 
considered. For this exam, we’ll focus on some sections of this paper. There is no strict 
need to read (longer parts of) the paper itself. You can do it – the paper is provided with 
the exam – but the sections that are pasted underneath should be sufficient. 

 

Early in the paper, there is this diagram : 

 

 



Q3.1 Use the NIST database for atomic levels, and identify in the 
numbered list here at the left the levels (4S3/2 and 4P1/2) that are at the 
bottom and top of the above picture. Furthermore, use information in 
the database to proof that indeed the transition corresponds to 
“307 nm” as indicated in the picture on the previous page. 

 

Q3.2 Explain how the right half of the picture on the previous page is 
related to our “very important picture nr. 2” (VIP2). 

 

Q3.3 Still about the right half of the picture on the previous page: is it 
correct to use the same symbol “I” for both the lower and upper term? 

 

Q3.4 Explains what happens physically to the system if the transition 
takes place that is marked as “a” in the right half of the picture on the 
previous page. 

 

We move on to another table and picture in that paper: 

 



Q3.5 Show how the A-value of -446.05 MHz for the 4S3/2 level is obtained from the 
measured peak positions. 

 

Q3.6 The table shows A-values for the upper and lower term, but B-values only for the 
upper term. Why don’t the authors mention the B-values for the lower term? (note: don’t 
be worried if you cannot really prove this, as it has not have been discussed explicitly in 
the course. There is a similarity argument you can use, and that is sufficient.) 

 

Here is another piece of text from the paper: 

 

 



Q3.7 In ref. 37, the nuclear magnetic quadrupole moment of 208Bi was determined to be 
4.578 N, assuming known values for the nuclear magnetic moment of 209Bi (4.1106 N) 
and the hyperfine coupling constant A of the 4S3/2 level as given in the table on previous 
pages. Show how the value of 4.578 N for the nuclear magnetic moment of the 208Bi 
nucleus was derived from this knowledge for 209Bi. 

 

Q3.8 The article states that the Bohr-Weisskopf effect limits the precision by which the 
nuclear magnetic moments can be determined. Explain this. 

 

And a final piece of text : 

 

 

Q3.9 What could be meant by H-like and Li-like Bi? Explain.  

 

Q3.10 In our course, we never used a sentence as “the high magnetic field of the 
nucleus experienced by the valence electron”. We used a different point of view. How 
would this statement have been formulated in the course? 

 

Q3.11 Irrespective of the point of view, what’s the connection between having that high 
field and the possibility to use ‘standard laser systems’ to measure the hyperfine field in 
H-like Bi? (i.e. lasers that generate photons with a frequency in the range of visible light) 

 

Bonus question (no penalty if you drop this one):  

If a green laser with a frequency of 500 THz is to be used, what is the required value 
(in Tesla) of the hyperfine field in H-like 208Bi? 
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The hyperfine structure splitting in the 6p3 4S3/2 → 6p27s 4P1/2 transition at 307 nm in atomic 
208Bi was measured with collinear laser spectroscopy at ISOLDE, CERN. The hyperfine A and B
factors of both states were determined with an order of magnitude improved accuracy. Based on 
these measurements, theoretical input for the hyperfine structure anomaly, and results from hyperfine 
measurements on hydrogen-like and lithium-like 209Bi80+,82+, the nuclear magnetic moment of 208Bi 
has been determined to μ(208Bi) = +4.570(10) μN . Using this value, the transition energy of the ground-
state hyperfine splitting in hydrogen-like and lithium-like 208Bi80+,82+ and their specific difference of 
−67.491(5)(148) meV are predicted. This provides a means for an experimental confirmation of the 
cancellation of nuclear structure effects in the specific difference in order to exclude such contributions 
as the cause of the hyperfine puzzle, the recently reported 7-σ discrepancy between experiment and 
bound-state strong-field QED calculations of the specific difference in the hyperfine structure splitting of 
209Bi80+,82+ .

© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Since its development in 1947, the theory of (bound-state) 
quantum electrodynamics (BS-QED), a major keystone within the 
standard model of physics, has an impressive and long history of 
success [1–4] and has so far mastered all tests in light systems 
[5,6] with unprecedented accuracy. In contrast, first attempts to 
probe BS-QED in the regime of the heaviest elements, in particular 
by using heavy highly charged ions (HCIs), are much less accu-

* Corresponding author.
E-mail address: stefanschmidt @uni -mainz .de (S. Schmidt).

1 Present address: Institut für Physik & Exzellenzcluster PRISMA, Johannes 
Gutenberg-Universität Mainz, 55122 Mainz, Germany.

rate [7–9]. The best tests performed so far reached accuracies at 
the level of a few permille, even though the sensing power of the 
bound electron to QED effects is strongly enhanced – HCIs are like 
a magnifier for QED related contributions. Besides the measure-
ments of the Lamb-shift [10–12] and the Landé g-factor [13–16]
in HCIs, one promising quantity to access this non-perturbative 
regime of BS-QED is the ground-state hyperfine structure (hfs) 
splitting in hydrogen-like (H-like) ions, nowadays accessible by 
high-precision laser spectroscopy.

Previous direct tests of BS-QED via the transition energy of var-
ious ground-state hfs splittings in H-like ions [17–19] could not 
be exploited due to the large uncertainty in the theoretical predic-
tions, mainly arising from the magnetic moment distribution over 
the finite nuclear size, the Bohr-Weisskopf effect [20]. It was sug-
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gested that the combination of the hfs splittings �E(1s) of H-like 
and �E(2s) of Li-like systems in the so-called specific difference 
�′E = �E(2s) − ξ�E(1s) would yield a conclusive test of BS-QED 
in strong magnetic fields [21]. This is because if the parameter ξ
is suitably chosen, nuclear effects will cancel in �′E . A first mea-
surement of the specific difference in 209Bi was reported in [22], 
but did not provide sufficient experimental accuracy to become 
sensitive to the remaining QED contributions [22,23]. With recent 
experimental improvements [24], the specific difference was deter-
mined with more than an order of magnitude improved accuracy 
[25]. However, a large discrepancy between the specific difference 
extracted from the hfs splitting in H-like and Li-like 209Bi and the-
oretical expectation was reported, establishing the hyperfine puzzle
of BS-QED. This result challenges BS-QED, but might also be ex-
plained by a value for the nuclear moment of 209Bi which deviates 
from literature, as it enters linearly into the theoretical value for 
the specific difference. As discussed in Ref. [24], there are three 
possible reasons for the hyperfine puzzle: (i) The magnetic moment 
of 209Bi is different from the literature value, (ii) the elimination 
of nuclear structure contributions in the specific difference �′E
does not work as expected or (iii) QED fails. Please note that it is 
not excluded that the discrepancy is caused by more than one of 
these reasons. Therefore, all points should be addressed in future 
experiments.

Explanation (i) has been checked by improved high precision 
calculations of the shielding and chemical shift corrections for 
available and new NMR data. Results have been published in [26]
and do indeed agree with the storage ring results within uncer-
tainties. However, the extraction of the nuclear moment depends 
again on advanced theoretical calculations of the shielding con-
stant which is, from a fundamental point of view, not completely 
satisfying taking into account remaining uncertainties of molecular 
calculations. Therefore, a strong need remains to measure magnetic 
moments of such nuclei on a bare or hydrogen-like system, where 
shielding effects are absent or under very good control.

In order to check (ii) we suggest to measure the specific dif-
ference of 208Bi and provide here the crucial information for this 
experiment. From a nuclear physics point of view, the nuclear 
magnetic moment distribution in 208Bi must be considerably dif-
ferent from that of 209Bi. The latter has a single proton in the h9/2
shell outside of the 208Pb core, while in the former there is an ad-
ditional contribution from a p1/2 neutron hole in the 208Pb core. 
This, and their large magnetic moments make these isotopes an 
ideal pair to check the independence of �′E from the nuclear mo-
ment contribution. To predict the specific difference of 208Bi, which 
is required for this test, the magnetic moment of this isotope must 
be determined with better accuracy. The most accurate values for 
the magnetic moments of short-lived isotopes are obtained from 
hyperfine structure measurements but require a well-known mag-
netic moment of a stable isotope. In addition, one has to include 
predictions for the hyperfine structure anomaly in a given atomic 
state. In order to disentangle (i) from (ii), we assume that the 
observed discrepancy in �′E is solely due to a wrong magnetic
moment. In this case, we can use the measured specific difference 
and extract the magnetic moment of 209Bi required to bring exper-
iment into agreement with theory. Based on this assumption, we 
calculate the hyperfine structure splittings and the specific differ-
ence for H-like and Li-like 208Bi with respect to the new value. If 
our predictions will be in accordance with the measurements, ex-
planation (ii) can be ruled out within the accuracy of the results.

Here, we have measured the hfs splitting of the 4S3/2 and 4P1/2
states in atomic 208Bi by means of collinear laser spectroscopy per-
formed at the ISOLDE facility at the European Center for Nuclear 
Research (CERN). In the analysis we also include hyperfine struc-
ture anomaly calculations to extract the most precise value of the 

nuclear magnetic moment of the bismuth isotope 208Bi. Based on 
the improved value, a reliable prediction of the ground-state hfs 
splitting in H-like and Li-like 208Bi and their specific difference 
is made. If those values will be confirmed in upcoming laser-
spectroscopy experiments on 208Bi80+,82+ , the proposed cancela-
tion of the nuclear magnetic moment distribution in the specific 
difference can be firmly established.

2. Experimental setup

The measurements on the long-lived bismuth isotope 208Bi 
(half-life of 3.7 × 105 y) with respect to a reference isotope (209Bi) 
were performed at the radioactive ion beam facility ISOLDE, lo-
cated at CERN. A schematic of the on-line isotope separator and 
the collinear laser spectroscopy experiment (COLLAPS) [27–29] is 
shown in Fig. 1. In brief, the bismuth isotopes are produced in the 
target section by impinging high-energy proton pulses at 1.4 GeV 
on a uranium carbide target. The target material itself is heated 
to about 2200 ◦C to promote the diffusion process of the chemical 
compounds in the target material as well as the effusion through 
the transfer line towards the ionization region. Element selective 
ionization is performed on the neutral atoms using a (multi-step) 
resonance ionization scheme [30], followed by mass-selection with 
the High-Resolution Mass Separator (HRS).

Before the injection of the almost mono-isotopic ion beam into 
the collinear beamline apparatus, the ions are stopped inside a 
gas-filled radiofrequency quadrupole (RFQ) trap for ion bunching, 
cooling and accumulation. The voltage applied to the RFQ de-
fines the starting potential of the ion bunch for collinear laser 
spectroscopy. It is set to about 30 kV in order to accomplish 
the mandatory velocity compression [27], which sets the basis for 
high-resolution experiments of this kind.

After releasing the bismuth ions from the RFQ, they enter the 
COLLAPS beamline, where they are collinearly superimposed with 
a continuous wave laser beam at 307 nm provided by a frequency-
doubled Matisse dye-laser, stabilized to a high-finesse wavemeter 
(WS-10) [31]. The beamline consists of a 10◦ electrical bender, ion 
optical components to guide the beam (these components are not 
shown in Fig. 1), a sodium vapor charge-exchange cell (CEC) and an 
optical detection region (ODR), mounted perpendicular relative to 
the propagation direction of the ion beam. The post-acceleration 
voltage (positive or negative) applied to the CEC allows for fast 
and precise Doppler-tuning of the ion bunch. After neutralization 
in the CEC, the hfs of the bismuth atoms (see level scheme in Fig. 1
for details) can be probed. Light scattered by the atoms is focused 
by a two lens system on a photomultiplier tube. For background 
suppression, the photomultiplier tubes were gated for 15 μs with 
respect to the time-of-flight window of the ion bunches.

3. Experimental results

The hfs splitting of the two bismuth isotopes 209Bi and 208Bi 
were alternately measured within a six-hour measurement cam-
paign. In total seven spectra were recorded, four in the case of 
208Bi and three for 209Bi. Each spectrum was taken with an ac-
cumulation time between thirty and sixty minutes. The obtained 
hfs spectra (see Fig. 2 for 208Bi) were fitted using a sixfold line-
profile of individual amplitudes and with their positions correlated 
through the hfs which depends on the magnetic and quadrupole 
hyperfine parameters [32]. Best agreement was found using a 
Lorentzian- or a Voigt-profile with a dominating Lorentzian part. 
Thus, the former one was used in the following analysis. The resid-
uals (not displayed) show no indication for satellite peaks [33].

During the measurement campaign, the starting potential, the 
ion optical settings as well as the laser frequency were kept con-
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Fig. 1. Schematic overview of the collinear laser spectroscopy apparatus at ISOLDE, CERN including the target-section, the High-Resolution Mass separator, the RFQ and the 
COLLAPS beamline (see text for further details). The level scheme at the top right of this figure shows the laser transition as well as the different decay branches. The scheme 
in the lower left part sketches the two acceleration potentials applied to either the RFQ and to the charge exchange cell.

Table 1
Hfs coefficients of bismuth. The values for 208Bi contain both statistical and systematic uncertainties, which were added in quadrature. 
Values are given in MHz. Bold printed values were used to calculate the hfs anomaly.

I A j [4 S3/2] (MHz) B j [4 S3/2] (MHz) A j [4 P1/2] (MHz) Reference

209Bi 9/2 −446.942(1) −304.654(2) +4920.8(0.6)
+4921.9(5.4) [34,37,38]

−446.89(31) −305.2(5.7) +4922.3(2.0) [this work]
208Bi 5 −453(5) −416(45) +4932(14) [37]

−446.05(32) −358.6(3.9) +4925.6(1.8) [this work]

Fig. 2. Typical hfs spectra of 208Bi relative to a reference frequency νref . The individ-
ual hyperfine transitions are labeled as displayed in Fig. 1. The upper panel shows 
the hyperfine transitions a–c with decreasing peak intensities according to the ma-
trix elements of the dipole operator (Wigner-6j symbol). The lower panel displays 
the transition triplet d–f.

stant. To cover a large frequency range, the acceleration voltage 
was alternately scanned around a negative and positive offset volt-
age provided by two individual Fluke power supplies of inverted 
polarity as sketched in Fig. 1.

From the fit the hyperfine Ai[ j] and Bi[ j] coefficients could be 
extracted for every spectrum. In this notation, the index j repre-
sents the given atomic state (fine structure level) of the individual
isotope i. The consistency of the obtained results is illustrated in 
Fig. 3. Since the hyperfine coefficients A209[4S3/2] and B209[4S3/2]
are known to high accuracy [34], these values have been used to 

Fig. 3. Hyperfine coefficients of 208Bi. The red shaded bands represent the literature 
values. The statistical and the combined statistical and systematic uncertainties are 
given in green and blue, respectively. The black lines correspond to the mean values. 
(For interpretation of the colors in the figure(s), the reader is referred to the web 
version of this article.)

deduce experimental parameters such as voltage divider ratios, fol-
lowing the procedure presented in [35]. The final results of the 
hyperfine coefficients including systematic uncertainties are pre-
sented in Table 1. They have been calculated according to the 
formalism presented in [27]. To be conservative, the statistical 
uncertainty represents the larger value of the calculated internal 
and external error [36] of the mean value, as presented in Fig. 3. 
Hereby, the internal error results from the error propagation of the 
individual uncertainties, whereas the external error is calculated 
from the sum of the residuals, weighted by their uncertainties. The 
A208[4P1/2] factor agrees with the previous literature value, but is 
about 8 times more precise, whereas the values for the A208[4S3/2]
and B208[4S3/2] factors slightly deviate from literature, while being 
15 and 12 times more precise, respectively.
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4. Nuclear magnetic moment of 208Bi

The current literature value for the nuclear magnetic moment 
of 208Bi, μ(208Bi) = +4.578(13) μN [37], was calculated using the 
hfs constant of the 6p27s 4P1/2 state in atomic bismuth with re-
spect to the reference isotope 209Bi. This is based on the fact that 
for a point-like nucleus the ratio of the hyperfine parameter A and 
the nuclear g factor ∼ μI/I should be constant for all isotopes in 
a chain. However, the spatial distribution of the magnetic moment 
and the charge inside a finite-size nucleus leads to small deviations 
from this relation, which is called the hfs anomaly 1�2 between 
the isotopes 1 and 2

A1

A2
= μ1 I2

μ2 I1

(
1+ 1�2

)
. (1)

In principle Eq. (1) can be used for the determination of the nu-
clear magnetic moment of one isotope, provided that the nuclear 
magnetic moment of the other isotope and the hfs anomaly are 
known to the required accuracy. Unfortunately, this is usually not 
the case, since the evaluation of the hfs anomaly requires the 
application of an elaborate microscopic nuclear model. The uncer-
tainty of such an evaluation is generally rather large. For 208Bi and 
209Bi this anomaly is mainly caused by the nuclear magnetization 
distribution referred to as the Bohr-Weisskopf effect. Since the hfs 
anomaly was ignored in [37], the final uncertainty of the reported 
value remained unclear. With the accuracy for the hfs constant(s) 
obtained here, we cannot neglect the anomaly. Instead we combine 
theoretical calculations with our experimental results in order to 
obtain an accurate value of the magnetic moment with a reliable 
uncertainty. We also provide a new reference value for the nuclear 
magnetic moment of 209Bi by using the outcome of the measure-
ments of the specific difference �′Eexp in the H-like and Li-like 
systems (see Eq. (5)). This new value also enters linearly into the 
calculations of the nuclear magnetic moment of 208Bi.

It is important to note that for heavy atoms the densities of 
all s and p1/2 one-electron orbitals, which mainly contribute to 
the hfs anomaly, are proportional to each other in the nuclear 
region [21,39]. Thus, the ratio of the hyperfine structure anoma-

lies 1r2[a, b] ≡ 1�2[a]
1�2[b] in two states ( j = a, b) for an isotope pair 

(i = 1, 2) should be approximately identical for different nuclear 
models and, therefore, can be calculated to good accuracy. In ad-
dition, a set of Ai[ j] factors measured in two atomic states and 
for two isotopes are combined to obtain the so-called differential 
hyperfine structure anomaly 1δ2[a, b] according to

A1[a]
A2[a]

A2[b]
A1[b] =

(
1+ 1�2[a])(
1+ 1�2[b]) = 1+ 1δ2[a,b]. (2)

By using these definitions we obtain the hfs anomaly in an elec-
tronic state b based on the experimental value for the differential 
hfs anomaly and the calculated ratio 1r2[a, b], according to

�[b] = δ[a,b]
r[a,b] − δ[a,b] − 1

. (3)

Here, we have dropped the superscripts referring to the isotopes 
in 209�208 = � (similar for δ and r) since in the following we will 
exclusively consider the isotope pair 208,209Bi. In Section 5, Eq. (2)
and (3) will be also used to obtain relations between the hyperfine 
structure anomalies in the two states of atomic bismuth that have 
been determined in our experiment and the 1s and 2s states in H-
like and Li-like Bi, respectively, in order to obtain the most precise 
values for the hyperfine splittings in the highly charged bismuth 
ions.

Fig. 4. Evolution of experimental values of the nuclear magnetic moment of 208Bi. 
The values for the nuclear magnetic moment excluding the hfs anomaly, but cor-
rected for the new magnetic moment μ(209Bi) = +4.0900(15) μN as extracted from 
[25] according to Eq. (5), are shown in open symbols.

Our calculations employing the configuration-interaction Dirac–
Fock–Sturm method [40] and the relativistic multireference cou-
pled cluster method [41–43] yield

r[4S3/2,4 P1/2] = 1.54(14). (4)

By inserting this value into Eq. (3) we obtain the hfs anomaly of 
the 4P1/2 state �[4P1/2] = 0.0049(21), where in addition we have 
used our values for Ai[ j] and the more precise value A209[4S3/2]
for the ground state of 209Bi taken from [34] (printed in bold in 
Table 1).

As the final step in order to obtain an accurate value for the 
nuclear magnetic moment of 208Bi, the nuclear magnetic mo-
ment of 209Bi is required. As discussed in the introduction, we 
consider the literature value obtained from NMR in Bi(NO3)3 so-
lutions (see [44–47]) as unreliable since the molecular environ-
ment contribution to the chemical shift and its uncertainty was 
strongly underestimated [26]. Therefore, we prefer to use a new 
value extracted from the experimentally obtained specific differ-
ence �′Eexp [25], the theoretical prediction �′Etheo [48] and the 
value of μ(209Bi)NMR from [46] which has been used to calculate 
�′Etheo. Since the specific difference is proportional to the nuclear 
magnetic moment, a value of

μ(209Bi) = �′Eexp

�′Etheo
μ(209Bi)NMR (5)

brings the theoretical prediction into agreement with experiment. 
The result of μ(209Bi) = +4.0900(15) μN will now be used to de-
termine the nuclear magnetic moment of 208Bi and to predict the 
hyperfine splittings in Li-like and H-like systems.2 Please note that 
these predictions are therefore not affected anymore by a possi-
ble wrong magnetic moment of 209Bi in literature and can thus be 
used as a sensitive test for the elimination of the Bohr-Weisskopf 
effect in �′E , which has not been proven experimentally so far.

Following the procedure of [37] and neglecting the hfs anomaly 
in Eq. (1), we would obtain μ(208Bi) = +4.547(3) μN , as depicted 
in Fig. 4 (red open symbol). This value is about 5 times more pre-
cise than the previous literature value, which yields μ(208Bi) =
+4.555(13) μN using the new reference value μ(209Bi). However, 
by taking into account the calculated value for �[4P1/2] and using 
Eq. (1), the nuclear magnetic moment of 208Bi was found to be

μ(208Bi) = +4.570(10)μN , (6)

2 The value is also in good agreement with the new determination of the mag-
netic moment from NMR that has been published in parallel in [26].
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which is clearly limited in accuracy due to the hfs anomaly and 
the experimental uncertainty of A208[4S3/2]. This value neverthe-
less represents the most precise value for the nuclear magnetic 
moment of 208Bi and deviates by about two times the com-
bined uncertainty from the nuclear magnetic moment obtained 
neglecting the hfs anomaly. Based on this value we can now pre-
dict the ground-state hfs splitting and the specific difference of 
208Bi80+, 82+ .

5. Ground state hyperfine splitting in 208Bi80+ and 208Bi82+

Due to the high magnetic field of the nucleus experienced by 
the valence electron in H-like and Li-like bismuth, the ground state 
(2S1/2) hyperfine structure displays a large energy splitting, which 
is accessible by standard laser systems. Based on the results of the 
hfs coefficients for the 4 S3/2 and 4 P1/2 states and the new value 
for the nuclear magnetic moment of 208Bi presented in this work, 
the ground state hyperfine splittings �E(1s) (H-like) and �E(2s)

(Li-like) have been evaluated using two different ways. In the first 
method, which we refer to as semiempirical, the hfs constants for 
H-like and Li-like Bi ions can be expressed in a similar way as the 
hfs coefficients of neutral bismuth, cf. Eq. (2), where we have used 
the 4S3/2 or 4 P1/2 state of atomic bismuth and the states 1s or 
2s of H- or Li-like bismuth, respectively. We have calculated the 
ratios of hfs anomalies and found out that they are very stable 
with respect to a change of the nuclear model. Our calculations 
yield

r[4P1/2,1s] = 1.113(14),

r[4P1/2,2s] = 1.035(13). (7)

Knowing these ratios and the values of A208[4 P1/2], A209[4 P1/2], 
�[4 P1/2] together with A209[1s] and A209[2s] from [25] we ar-
rive to the following result for the hfs constants A208[1s] =
1018.2(7) meV and A208[2s] = 159.66(9) meV, which directly 
yields �E(1s) and �E(2s) (see Table 2).

Another way – theoretical – is based on rigorous calculations 
within the formalism presented in [21,48,49], where the individ-
ual contributions arising from the nuclear size, the magnetiza-
tion distribution, and the QED (xrad) corrections have been eval-
uated directly. For the calculation of the magnetization distribu-
tion correction, the Bohr-Weisskopf effect, we employ the nuclear 
shell model where the nuclear magnetic moment is possessed 
by an unpaired proton in the 1h9/2 state and an unpaired neu-
tron in the 3p1/2 state [50]. Within this model the observed nu-
clear magnetic moment is reproduced by an adjustment of the 
spin g-factors of the unpaired nucleons. Here, we have used the 
nuclear magnetic moment of 208Bi (μ(208Bi) = +4.570(10) μN ) 
together with the magnetic moment of one of the neighboring 
nuclei (μ(207Pb) = +0.592583(9) μN , μ(207Bi) = +4.0915(9) μN , 
μ(209Bi) = +4.0900(15) μN , and μ(209Po) = +0.68(8) μN ) in or-
der to adjust the spin g-factor of both nucleons. Averaging over 
four pairs of nuclei, the effective spin g-factors and their standard 
deviations are obtained to amount to 3.04(21) and −3.35(51) for 
the unpaired proton and neutron, respectively. The radial wave-
functions of the unpaired nucleons have been found as solutions 
of the Schrödinger equation with the Woods-Saxon potential. Fol-
lowing Ref. [51] the uncertainty of the Bohr–Weisskopf effect due 
to the employed model is estimated as 30% of its value.

In order to test the nuclear model utilized in the present study 
we compare the hfs anomalies �[1s] and �[2s] obtained theo-
retically and extracted semiempirically from the experiments on 
neutral bismuth. Knowing the ratios (7) and the hfs anomaly 

Table 2
The theoretical and semiempirical values of the ground-state hyperfine splitting in 
H-like and Li-like 208Bi, including the individual theoretical contributions. In the 
total theoretical results the first uncertainty is mainly due to the Bohr-Weisskopf 
effect, while the second one is due to the uncertainty of the nuclear magnetic mo-
ment of μ(208Bi) = +4.570(10) μN . All uncertainties were added in quadrature.

�E(1s) (meV) �E(2s) (meV)

Relativistic value 6427 1055.0
Nuclear size −712(4) −125.0(6)
Bohr-Weisskopf −88(30) −14.8(5.0)
One-electron QED −33 −5.6
Interel.-int. −32.7
Screened QED 0.2

Theoretical 5594(30)(12) 877.1(5.0)(1.9)
Semiempirical 5600(4) 878.1(5)

Table 3
Calculated contributions to the specific difference for 
208Bi. The first uncertainty is due to the uncalculated 
terms and remaining nuclear effects, while the second 
one is due to the uncertainty of the nuclear magnetic 
moment. All theoretical uncertainties were added in 
quadrature.

�′E (meV)

Dirac value −35.008
Interel.-int.
∼ 1/Z −33.017
∼ 1/Z2 0.285
∼ 1/Z3 −0.003(3)
One-electron QED 0.040
Screened QED 0.213(2)

Total −67.491(5)(148)

�[4 P1/2] deduced in the preceding section, we immediately ob-
tain the hfs anomalies for the 1s and 2s states to be 0.0044(19)
and 0.0047(20), respectively. These values have to be compared 
with the predictions of the single particle nuclear model which 
are 0.0035 and 0.0038 for H- and Li-like cases, respectively. This 
comparison demonstrates a good agreement, what emphasizes the 
conformity of the model. The results for the hyperfine splittings 
in H-like and Li-like 208Bi obtained using both ways, semiempirical 
and theoretical, are presented in Table 2. The theoretical values are 
obtained by summing the individual contributions which are also 
included in the table.

In addition, we consider the specific difference �′E of the 
ground state hyperfine splitting of H-like and Li-like ions,

�′E = �E(2s) − ξ�E(1s), (8)

where the parameter ξ = 0.16886 is chosen to cancel the Bohr-
Weisskopf correction. The specific difference �′E has been directly 
calculated for 208Bi, revealing a value of −67.491(5)(148) meV. 
Here, the second uncertainty is due to the uncertainty of the nu-
clear magnetic moment. The dependency of both uncertainties is 
purely linear, as �′E ∼ μ(208Bi). This illustrates the importance 
of an accurate knowledge of the nuclear magnetic moment for a 
future BS-QED test in 208Bi, as now provided by this work. The in-
dividual contributions to the first (theoretical) uncertainty of the 
specific difference are presented in Table 3 and were added in 
quadrature. Here, we note that the nuclear effects and their un-
certainties almost cancel and are therefore not listed in the table.

Experimentally, the new and more precise values for the tran-
sition wavelengths and �′E will (a) support the search for the 
hyperfine transitions in H-like and Li-like ions at the ESR in an up-
coming experiment, (b) serve as an independent test that nuclear 
structure contributions are eliminated in �′E and (c) if success-
fully confirmed in an experiment it will demonstrate that the mag-
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netic moment is indeed (most likely) the cause for the hyperfine 
puzzle. Additionally, this would establish a technique to accurately 
determine nuclear magnetic moments from the measurement of 
the hfs in H-like and Li-like heavy systems and �′Etheo, which 
are independent from hfs anomalies and shielding corrections. In 
addition, the individual hfs splittings can be used to extract in-
formation about the magnetization distribution and to test nuclear 
models [52]. For instance, knowing the specific difference and indi-
vidual 1s and 2s hfs splittings for 209Bi [25] and assuming that the 
QED corrections are correct one may deduce not only the magnetic 
moment of 209Bi but also the Bohr-Weisskopf correction, which, 
e.g., for the 1s state gives ε209[1s] = 0.0098(7), where ε is de-
fined similar as in [49]. Further, employing the value for the hfs 
anomaly �[1s] we obtain the Bohr-Weisskopf correction also for 
208Bi ε208[1s] = 0.0142(20).

6. Conclusion

In this work, we have investigated the magnetic structure 
of 208Bi by means of high-precision collinear laser spectroscopy. 
Using the stable bismuth isotope 209Bi as an atomic reference 
to minimize systematic effects, the hyperfine-structure constants 
were measured to high accuracy, being more than one order 
of magnitude more precise than previous values in literature. 
The corresponding analysis of the nuclear magnetic structure re-
vealed a nuclear magnetic moment of μ(208Bi) = +4.570(10) μN , 
including hfs anomaly corrections for the first time. Moreover, 
we have obtained two predictions, semiempirical and theoreti-
cal, for the ground-state hyperfine transition energy in 208Bi82+, 
5600(4) meV and 5594(30)(12) meV, and in 208Bi80+, 878.1(5) meV 
and 877.1(5.0)(1.9) meV, respectively, as well as for a specific dif-
ference, �′E = −67.491(5)(148) meV.

Based on these values, a new experiment is proposed to be 
carried out at the GSI Helmholtz Center for Heavy Ion Research. 
Production and storage of 208Bi80+, 82+ in the experimental stor-
age ring will allow a measurement of the specific difference of a 
radioactive isotope for the first time. Technical developments to in-
crease the detection efficiency for this species are under way [53]. 
The results will give new insights in the fundamental nature of the 
electromagnetic interaction and will contribute to the solution of 
the hyperfine puzzle. Extending the measurements of the specific 
difference to the isotopic sequence in bismuth might also serve 
as a benchmark for nuclear structure calculations, especially to-
wards an improved understanding of the Bohr-Weisskopf effect in 
the heaviest elements for the determination of nuclear magnetic 
moments.
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[47] T. Baştug, B. Fricke, M. Finkbeiner, W.R. Johnson, Z. Phys., D At. Mol. Clust. 

37 (4) (1996) 281–282.

http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4C616D3437s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4361733438s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4761623036s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4761623036s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib48616E3131s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B61723035s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5175693134s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5175693134s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib476C613131s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib476C613131s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib566F6C3133s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib566F6C3133s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4265793136s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4265793136s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib53746F3030s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib53746F3030s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib47756D3035s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib47756D3035s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4265693035s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4265693035s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5665723034s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5665723034s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5374753131s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5374753131s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5761673133s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5761673133s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B6F653136s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B6F653136s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B6C613934s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B6C613934s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4372653936s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4372653936s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5365653938s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5365653938s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib426F683530s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5368613031s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5368613031s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4C6F633134s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4C6F633134s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib53616E3137s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib53616E3137s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib556C6C3136s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib556C6C3136s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib556C6C3137s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib556C6C3137s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib536B723138s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib536B723138s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4D75653833s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4D75653833s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4E65753835s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4E65753137s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4E65753137s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4D61723134s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib43616D3136s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib43616D3136s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib42656E3836s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib42656E3836s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib48756C6C3730s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib476F723135s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib476F723135s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4269723332s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5065613030s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5065613030s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B696C3937s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B696C3937s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5368613036s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5368613036s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5475703035s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5475703035s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B616C6C617932s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B616C6C61793131s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B616C6C61793131s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib536B723136s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib50726F3531s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib54696E3533s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5261673839s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4261733936s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4261733936s1


330 S. Schmidt et al. / Physics Letters B 779 (2018) 324–330

[48] A.V. Volotka, D.A. Glazov, O.V. Andreev, V.M. Shabaev, I.I. Tupitsyn, et al., Phys. 
Rev. Lett. 108 (7) (2012) 073001.

[49] V.M. Shabaev, in: H.F. Beyer, V.P. Shevelko (Eds.), Atomic Physics with Heavy 
Ions, Springer, 1999, pp. 139–159.

[50] H. Kopfermann, Kernmomente, Akademische Verlagsgesellschaft GmbH, Frank-
furt, 1956.

[51] V.M. Shabaev, M. Tomaselli, T. Kühl, A.N. Artemyev, V.A. Yerokhin, Phys. Rev. A 
56 (1) (1997) 252.

[52] R.A. Senkov, V.F. Dmitriev, Nucl. Phys. A 706 (2002) 351.
[53] M. Lestinsky, V. Andrianov, B. Aurand, V. Bagnoud, D. Bernhardt, et al., Eur. 

Phys. J. Spec. Top. 225 (5) (2016) 797–882.

http://refhub.elsevier.com/S0370-2693(18)30126-6/bib566F6C3132s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib566F6C3132s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5368613939s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5368613939s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B6F703536s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4B6F703536s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5368613937s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib5368613937s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib53656E3032s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4C65733136s1
http://refhub.elsevier.com/S0370-2693(18)30126-6/bib4C65733136s1

	The nuclear magnetic moment of 208Bi and its relevance for a test of bound-state strong-ﬁeld QED
	1 Introduction
	2 Experimental setup
	3 Experimental results
	4 Nuclear magnetic moment of 208Bi
	5 Ground state hyperﬁne splitting in 208Bi80+ and 208Bi82+
	6 Conclusion
	Acknowledgements
	References


