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Please note, though this document has been made with a good amount of
care, discussion and revision. It is more than possible that some mistakes slipped
through the cracks, we are only students after all. If at any point you believe to
have found a mistake, please do report it in #vector-en-functieruimten in the
Fysica bois discord: https://discord.gg/5TqJDXkeEp

1 Linear algebra basics

Theorem 1.1. Let Pe End(V) be a linear operator on a vector space V that
satisfies P? = P. Show that V = im(P) @ ker(P).

Proof. Choose av € V. Since P = P?, we have Pv = P?v and thus P(v—Pv) =
0. Therefore v — Pv = z for some = € ker(P). Thus v = Pv + x. This shows
that V = 1im(P) + ker(P). Now take a w € im(P)Nker(P). Since w € im(P) we
have w = Pz for some z € V. Applying P to both sides we get Pw = P2z. But
since w € ker(P), we have 0 = Pw = P22 = Pz = w. Thus im(P)Nker(P) =0
and thus V = im(P) @ ker(P). O

Theorem 1.2. Verify the block LDU decomposition by working out the block
matriz multiplication; then use this decomposition to give an expression for

det(A).

Proof. For this section look at the LDU decompostion in the notes (p49 in alt
course) (you will be given the expression on the exam). Verifying the LDU
decomposition is easy (just do the block matrix multiplication). We introduce
the Shur complement of A7 = Ags — AglAilAlg, sometimes denoted as A/A;1;.
The Shur complement can now be used to calculate det(A). We have det(A) =
det(L)det(D)det(U) (note that: det(L) = det(U) = 1) = det(A11) det(A/A11)
[ = det(Aaz) det(A/Asz). This is not necessary, but is obtained by permuting
the blocks 1 and 2. You are asked to give AN expression for the determinant,
so the first expression is perfectly valid] . O

Theorem 1.3. Use the block LDU decomposition from the previous question to
find a block matriz expression for A~1.


https://discord.gg/5TqJDXkeEp

Proof. To find A=! we calculate A=t = U'D~1L=!. (page 46 in the course
notes version 9).

A*l — U71D71L71
— |:In1 A1_11A12:| |:141_11 0 :| [ ITLQ 0 :l
0 In2 0 (A22 — A21A;11A12)_1 —AglAﬁl In2
_ {Alll + A Ara(Agg — At AT A1) T A AT — A Ao (Ao — A21A111A12)_1]
—(Agg — A21A1_11A12)71A21A1_11 (Age — A21A1_11A12)71
O
Theorem 1.4. Prove Woodbury’s inversion lemma (A + UCV)™1 = A= —
ATYU(CTY + VATIU) IV AL by multiplying both sides with (A + UCV) and
show that you indeed obtain an equality. Ensure that the steps and the arithmetic
you use on the right hand side are clear.

Proof. 1t’s easy to see that the LHS is the identity matrix, so we will prove that
the RHS is also the identity matrix.

(A+UCV) [A =AU (T 4 vaTi) T vaT
—{r-v(e+vav)yvath+ {vevast —vevatiu (s vatiu) T vatt

={1+vcvaty—{u(ct+vaTlu)Tvatyuevatiu (¢t vatiu)T

vay
—I+UCVA™ = (U+UCVA'U) (C +VA'U) ' VA
—[+UCVA™ —UC (C +VATWU) (C + VA 'U) ' VA
=I+UCVA™'—UCvVA™!
=1

0

Theorem 1.5. Use Woodbury’s inversion lemma from the previous question to
prove (A+ B)™1 =372 (—AT1B)kA-L.

Proof. Using Woodbury’s inversion lemma with U = V = [,,, and defining C =
B e Frxm:

(A+B) t=A"'—A (B t1+AH) 14!
=A"'-A' I+ AB™H!
=A'-A'BA+B)!

We see that we again have (A4 + B)~!. Repeating the process of filling in the

expression for (A + B)~! we have an infinite sequence. Our end result will be:
(A+B) ' =3 (-A7IB)FA™! O



Theorem 1.6. Given a matriz A(z), the entries of which are functions of a
(scalar) variable x. Find an ea:pressz'on for the derivative of the inverse matriz,

d‘;‘; (z) in terms of A= (z) and %2 (z). You may use the expansion from the

previous question.

Proof. We begin by considering AA~! = I. Taking the derivative of this ex-

d(AA

-1
pression with respect to x we get: T) = 0. Applying the product rule we

5 _
get that % =da-1 4 A% = 0. From this expression we find that
d’s: = —A_1%A_1. Note that we have to apply the ordering of the product

rule very strictly since matrix derivation generally does not commute. O

Theorem 1.7. Let W be an invariant subspace of a linear operator A € End(V);
show that it is also an invariant subspace ofA + al with a € F some scalar.

Proof. Pick a random w € W. We know that Aw € W. Next we apply A+al
to w so that we have: (A + al)w = Aw +aw € W. Aw is an an element of W
and aw is an element of W since it is closed under multiplication with a scalar
so that W must be a invariant subspace of (A + al). O

Theorem 1.8. Show that ker(A — )\i)k for some non-negative integer k € N is
an invariant subspace of A.

Proof. p.55
let UM = ker((A— M%) with thus U” =0 <0 = v, <=0 <... v <

which we know will saturate to a fixed subspace Uy = U ikzs*) for all values

of k above a minimal value sy. The space Uy is known as the generalized
eigenspace. Shifting A with a constant times the identity operator does not
affect the results from the above construction: each of the spaces U ik) are
invariant subspaces of A, and so is the natural complement of the generalized
eigenspace, i.e. U)(\c) = im((A— X\)%) O

Theorem 1.9. Show that im(A — )\i)k for some non-negative integer k € N is
an invariant subspace of A.

Proof. See theorem 1.8 for proof. O

Theorem 1.10. Given two operators /Al Be End(V) that admit a spectral de-
composition (i.e., are diagonalisable) as A Z)\E APy and B = 2/\60 1Q,..

If A and B commute, [A, B/ = 0, show that they admzt a common spectral de-
composition (or thus, a basis in which they are simultaneously diagonal)

Proof. Given that we can construct the spectral projectors Py ofa diagonalisable
operator A= > )\PA as a polynomial of A, it follows that if another operator
B commutes with A, then also [B, Py] = 0 for all X € T4

If also B is diagonalisable with spectral decomposition B = > p€o s ,uQ#, then



it follows that [PA,QH] = 0 for all A\, p in the corresponding spectra. As a
consequence , the operators P\(@), are projectors with

ZP)\QH ZP)\ ZQ/‘ :i

and we can write the spectral decomposition of both operators as
A= S0P = SRS, Q) = S0, M)
B = ZM pQy = ZN HQu(>_\ Pr) = Z)W W(PAQy)

and we obtain a common spectral decomposition. O

Theorem 1.11. Given linear operators fl Be End(V') which statisfy AB +
BA=0. Let A have an eigenvector v with an eigenvalue A, i.e. Av = \v. Show
that either Bv = 0, or that A also has an etgenvalue —\.

Proof. If we multiply the equation times v, we find that:

ABv = —-BAv
ABv = —B)\v
ABv = —)\Buv

We can easily see that if BA’U = 0 this would be correct. .
It is also quite clear that A has an eigenvalue —\ with eigenvector Bv. O

Theorem 1.12. Let the linear operator Pe End(V) be a projector, P2 =p.
What is the spectrum of P?

Proof. If we denote the spectrum of P as o(P). To find the values we have to
find all « € U(P) such that al — P is not invertible. We can easily find that

(ol —P)~? (I—|— 1), this is only possible if & # 0, 1. The spectrum is thus
a(P) = {0, 1}. O
Proof. (Alternative proof) If X is an eigenvalue of P than we have:
Pv =\
P2y = Pv=Xv=APv=2\v
So A? = \. This is only possible if A = 0 or 1. O

Theorem 1.13. Let the linear operators P Q € End(V) be projectors in such
a way that also P+ Q s a projector. Show that this implies that PQ =0 (hint:
the result of the previous two theorems can be useful).



Proof. proof using the previous results: If P+ Q is a projector, this means that
(P+Q) P+Q:>P2+Q2+PQ+QP P—I—Q We know that P2 and
Q2 are equal to P and Q respectively. So that PQ + QP = 0. from this we
can combine theorems 1.11 and 1.12 to say that: PQU)\ = 0 for all eigenvectors
vy of P (because the -A case is excluded since -1 is not in the spectrum). Now
since projection operators are diagonalisable, we know that V admits a basis of
their eigenvectors, in other words: Yv € V : v = cyv? (using einstein summation
convention) s.t PQ = 0(in V) O

(note that an alternative proof using contradiction exists, i refer you to dis-
cord for this one)

Theorem 1.14. Given a companion matrix

0 1 0... 0 0
0 0 1... 0 0
=1 : : " :
0 0 O0... 0 1
—Po —P1 —P2 "~ Pn-2 “Pn-1
write down the eigenvalue equation Cv = Mv. If we normalize v such that
its first component v' = 1, what are the other components v* fork =2,...,n

of v and what equation does \ need to satisfy?

Proof. C is a companion matrix of some polynomial ), prz¥, the eigenvalue
equation is simply the characteristic polynomial.

if we normalize v' the other components are then given by vk = Z—: s.t we have
a monic polynomial. The characteristic polynomial of the companion matrix is
then given by:

Z peA” (1)
k
If we find the roots of this equation, we find the eigenvalues.

O

Theorem 1.15. Given a Jordan block corresponding to an eigenvalue \ of size

4

A1 00
J@ _ 0 A 10
A0 0 X1

0 0 0 A
compute exp(J>(\4))



Proof. For a general analytic function f(x) (to say that it has a Taylor series)
and a Jordan block of size k of an eigenvalue A\ we know that

#m)
where f is defined as ()‘)
luckily the n’th derlvatlve of exp is always exp s.t:

A A A A
eap(7O () = PN 1 PO g gy 4 P iy 4 PN iy
er er er/2 M6
A A A
this results in the final matrix: 8 60 Z/\ e/2
0 0 0 e

Theorem 1.16. Reconsider J)(\4) from the previous question, where now A\ €
R>o. Compute log(J§4)).

Proof. Since here we are dealing with only positive eigenvalues, we dont need
to choose a branch cut.

saying now that A = 0 is not an eigenvalue, we can simply make use of the taylor
series expansion: log(z) = log(A + (z — X)) = log(\) + log(1 + 252) to define:

log(J*(N)) = log(MT + Z WHJ(?;%

(note that this also follows from the general expression in the previous theorem).

o) 3 ko
This results in the final matrix: log(J*()\)) = 8 logo()\) logX()\) o
A
0 0 0 N

O



2 Norms and inner products

Theorem 2.1. Let ||v,| be the standard Hoélder p-norm of the vector v € F™.
Find the lowest value of b such that ||v]|1 < b||v|l2 is satisfied for all v € F™.
Can you find a specific vector v for which this inequality is then satisfied?

Proof. if we write the inequality explicitly:

Zn:\vi\ < b(i:lvil%”2
i=1 i=1

but now consider the Cauchy-Schwarz inequality:

Qo) < P

s.t we find that:

n

(Zlv’jl)2 <n(Q_Jv'f*)

i=1

from which we trivially see that b = y/n. The inequality becomes an equality if
Vi:vi=c. () O

Theorem 2.2. Let A € Hom(V, W) be a linear map between vector spaces V
and W that is bounded, i.e. the induced norm

HAHV,W: C < .
Show that A is a continuous map between V and W.

Proof. A linear map A € H om(V, W) is continuous if and only if it is bounded,
i.e. if there exists a constant C such that

[Av]lw < Cllv]lv
for all v € V. Indeed if A is bounded with constant C, then it follows that for
any v — ||y <. =¢/C,
[Av = A [[w = |A(v = ') [w < Cllo = '|lv <
so that A represents a continuous map. O

Theorem 2.3. Let A € Hom (F",F™), i.e. A € F™*" where furthermore on
W =F™ and V = F" we consider the 1-norm. Consider the induced norm for
A, given by

Aol _ S [T A7

= - veF" #0
[0ll1 2o il ’

[Afl11 = sup




First prove the upper bound

lAvl _ Z
o < Z 4%

,,,,,

for allv € F*. Also show that you can find a vector v for which this inequality
1s satisfied, so that this upper bound is tight. Together, these results imply that

Al = pxi 451
Proof.
DZ Ajal| < szgw = ZZIAE?WI
ZDAW\ < max(3 45Dl @)
Z|Z Aja?| < max Z'Aé")”‘””l

where now dividing both sides by ||z||; gives the desired result. (the first term
of these inequalities is the one norm of the result vector of Ax written explicitly.
if you are not convinced, write out for some matrix and vector and you should
see that it is indeed the same.) O

Theorem 2.4. Given a submultiplicative norm on the space of linear opera-
tors A, B € End(V), i.e. a norm that satisfies ||AB|| < ||A||||B]|. Show that
’1/71

A’I‘L

magnitude eigenvalue) of A. This result is known as Gelfand’s formula.

= p 4 with p; the spectral radius (the magnitude of the largest

limy, o0

Proof. submultiplicative norms satisfy |A™|| < [|A||™ and thus [|A]| < 1 implies
that limm,_e0 A" — 0. On the other hand, from the Jordan decomposition, we
know that lim, .. A" — 0 is in one-to-one correspondence with all eigenvalues
having a magnitude smaller than 1, i.e. p; < 1. Now consider an operator

B. = (p; +¢) 'A. It has a spectral radius pp. = pilpi+e)~' <1and thus
limy, 00 (Be)™ — 0 for any € > 0. Hence, lim, o ||(B:)"| — 0, and there exist
some N, such that [|(B.)"| < 1 for all n > N,. Equivalently, HA”H <(pg+ s)n

~ [|11/n ~
or thus HA" < pji+e forall n > N.. Combined with [|A”||/" > p;, we
obtain the Gelfand formula:

im0 | A"V = p4



Theorem 2.5. Consider the invertible linear operator A € End(V) on the
normed vector space (V,||-||), and consider the linear system Az =y. Consider
a perturbed linear system A(x + Ax) = (y + Ay). Show that you can bound
the relative norm of the error |Ax||/ ||x|| in terms of the relative norm of the

perturbation | Ayl|/ ||yl and the condition number k(A) = ||A| ||A~ 1H where
for A € End(V) we use the induced norm. Also show that k(A) > 1.

Proof. For a small variation or error y — y + Ay, the solution will change tot
r — x + Az with Az = A=Ay, which can be bound as ||Az| < [|A7|||Ay].
OFten, we are not interested in the absolute error, but rather relative error
[Az||/[|=]. From [|A]l[lz]| = [lyll, we obtain

Azl _ AT Ay _ A AN Ay _
[ ] 1yl

1Ay]
1yl

R(A) T

Where we have introduced the condition number x(4) = |A~Y||A] > ||| >
1 O

Theorem 2.6. Given an approzrimate solution I for the linear system Az = Y,
so that r = y — AZ is not exactly the zero vector. Bound the relative error
lx—z||/||z|| between the exact and approximate solution in terms of the condition
number offl and the norms of r and y

Proof.

[ 1 2
21/ (] 1yl

el
Al

O

Theorem 2.7. Given a vector space V with a positive definite inner product
(,). Prove Cauchy-Schwartz-Bunjakowski inequality

(v, w)|* < (v, v)(w,w)

for allv,w eV

Proof.
0 < (av — w,av — w)
< Jaf {0, 0) + () ~ (o, w) — afw, 0
<P + ) - o0 - PR @)
< {w,w){0,0) ~ (v, w)P
v, 017 < {0, ) 0,0
where we let a = {4 and we multiplied both sides by (v, v) O



Theorem 2.8. Given a vector space V with a positive definite inner product
(,), and consider a set of orthonormal vectors {e;,i=1,...,n} in V (which
does not necessarily constitute a complete set). Prove Bessel’s inequality

n

2

ol = I{ei, v}
i=1

where we use the inner product norm ||v||* = (v, v)

Proof. Firstly we have a general vector v € V', we find

n

0< o= del®=[v]>+ > la'* =D (ai{esv) +a'(v,es))
i=1 i=1

i=1
n

= [lol* + Y _la* = {es, v)[* = > _[ei, o)
i=1 j

now due to the basis set e; being orthonormal, we know a® = (e;, v) which gives
Bessel’s inequality. O

Theorem 2.9. Let (V,(,)v) and (W,(,)w) be Euclidean/unitary spaces, and
consider a bounded linear map A € Hom(V, W). Show that, with respect to the

induced norms on Hom(V, W) and Hom(W, V), we have ||A|| = HATH Make

sure to properly introduce or motivate your definition for the induced norm!

Proof.
Al = supjo|y=1l|Avllw = sup|vjy =1 en [juw|jw=1/{w, Av)|

but since |(w, ATv)| = |(v, Atw)| this definition also gives rise to ||AT|| the equal-
ity of the second and final expression comes from cauchy-schwarz as:

(w, /lv) <4/ (w, w}(flv, Av}

now by definition the norm of w is one, and this inequality is saturated in the
case of the supremum O

Theorem 2.10. Consider a bounded linear map A € Hom(V, W) between the

Euclidean/unitary spaces (V,{(,)v) and (W,{,)w). Show that W = im(A) &
ker (/ﬁ)

Proof. Consider the null space of Af: for any w € ker(A'), we find

Afw=0eV = (ATw,v)y = (w, Av)yw =0,Yv e V

10



And thus, since the second vector in the last inner product can be any vector in
im(A), we have ker(A") = im(A)*L. As ker(A), like any null space, is a closed
subspace, we find

W = ker(A") @ im(A)
O

Theorem 2.11. Consider a bounded linear map A € Hom(V, W) between
the Euclidean/unitary spaces (V,(,)v) and (W,(,)w). Using the norm asso-
ciated with these positive definite inner products, we define the distance func-
tions dw (w,w’) = ||lw—w'lly, for all w,w" € W and similarly dy (v,v") =

lv —'||y, for all v,v" € V. Show that the isometry condition dy (AU,AU’) =
HAU — Av/

(necessary and sufficient condition).

=dy (v,v") = |lv ='||, for all v,v" € V requires that ATA =1y
w

Proof. if A represents an isometric mapping with respect to the metrics dy (w', w) =
lw" — w|lw and dy (v',v) = ||[v — v'||v, then dw (Av', Av) = dy (v, v) implies

<A’U7A’U>W = <’UaATAU>V = <U7U>V
This is only possible if ATA = 1o. O

Theorem 2.12. Given a (bounded) linear opemtorA/Al € End(V) on a Eu-
clidean/unitary space (V,{,)), that is self-adjoint: A = At. Let A have an
eigenvector v with eigenvalue A. Show that X\ is real.

Proof. If (A, v) is an eigenvalue-eigenvector pair of a self-adjoint operator A, we
find

(v, Av) = (v, \0) = Mu,v) = (Av,v) = (Mo, v) = MNv, v)

Since an eigenvector is not the zero vector, (v,v) > 0, and we thus have A\ = X,
this proofs A is real. O

Theorem 2.13. Given a (bounded) linear operator A € End(V) on a Eu-
clidean /unitary space (V,(,), , for which ||Av|| = HATUH for allv € V. Show
that A is normal, i.e. AAT = ATA
Proof.
IAI = [1AT])
(Av, Av) = (Atw, ATv)
(v, AT Av) = (v, AATv)
ATA = AAT

11



Theorem 2.14. Given a (bounded) linear operator A e End(V) on a Eu-
clidean/unitary space (V,(,), that is normal, i.e. AAT = AYA. Let A have an
eigenvector v with eigenvalue A. Show that v is also an eigenvector of At What
is the corresponding eigenvalue?

Proof. Consider an eigenvector v with eigenvalue A of a normal operator A.
Using this relation; we find that [|(A — A)v|| = 0 implies ||(AT — A)v|| = 0, i.e. v
is also an eigenvector of At with eigenvalue \ O

Theorem 2.15. Given a (bounded) linear opemtor {1 € End(V) on a Eu-
clidean/unitary space (V,(,), that is normal, AAT = ATA. Decompose
A= Ay +iAy where Ay and A, are self- adjomt express Ay, Ay in terms of A.

What can you say about [Al, Az] . Given an eigenvector v ofA with eigenvalue

A. Is v also an eigenvector of Ay and AQA? If so, what are the corresponding
eigenvalues? Does this result also hold if A is not normal?

Proof. Any operator can be split into two self-adjoint parts acoording to

. A4+ At A— At
A:A+A A—A

= A, +iA
5 +1 % 1+ 1As

which could be considered as the analogue of separating a complex number
into its real and complex part. Note that this way of writing A then implies
that At = A; — iA,. Imposing that A is normal amounts to [Al,AQ] = 0.
Combined with the result on eigenvectors, this implies that any eigenvector v
of A with eigenvalue \ is also an eigenvector of 1211 and Ag with /llv = Re(M)v
and Ayv = Im(\)v note that this result hinges on the commutator being zero,
s.t this does not hold for non normal operators O

Theorem 2.16. Given a (bounded) linear operator A € End(V) on a Eu-
clidean/unitary space (V,(,), that is normal, i.e. AAt = ATA. Show that
|A]| = p 4, i-e. the operator norm associated with the inner product norm equals
the spectral radius.

Proof. We generally have that |A™|| < ||A|™. BEquality is obtained if we can
also show ||A™|| < ||A||"™, for which we prove, by induction, that ||A"v| > ||AUH"
for any vector v € V with normalisation |lv|| = 1. For n = 2, we have | A2v|| =
|A(Av)|| = ||AtAv|| > (v, AT Av) = ||Av||? by the Cauchy- Schwarz inequality,
the inductive step then follows from

Av

JA™ o = || A 2| | Avf|' " > [|Av| !
1Av] || ||

A consequence of this result is that p; = [|A]|. O

Theorem 2.17. Given a (bounded) linear operator A e End(V) on a Eu-
clidean/unitary space (V,(,), that satisfies A2 = 0. Show that A cannot be a
normal operator.

12



Proof. Suppose A is normal and nilpotent with indesx s = 2. For any vector
v eV, we would find 0 = ||A2v|| = ||ATAv]|, and thus ATAv = 0. Indeed, any
vector Av is either the zero vector or a nonzero eigenvector of A with eigenvalue
zero. But any eigenvector of A with eigenvalue zero is also an eigenvector of
AT with eigenvalue zero. But this means that (v, AT Av) = ||Av||?> = 0, so that
Av=0forallv e V, and thus that A = 0, which contradicts the assumption
that A is nilpotent with index 2. O

13



3 Unitary similarity and unitary equivalence

Theorem 3.1. Giwen a matrix A € F*"*". Under which condition on A is
U = exp(A) a unitary matriz?

Proof. Since we have U(t) = exp(tA) we have U(t)~! = exp(—tA) and U(t) =
exp(tAf), we obtain the conditions A# = —A ie. A is an anti-Hermitian
matrix. O

Theorem 3.2. Given a matriz A € R™*™ that satisfies AT = —A. What can
you say about det(exp(A))

Proof. We use the relation det(exp(A)) = exp(tr(A)) to find that det(eaxp(A4)) =
1. O

Theorem 3.3. Given a Householder matricr H = 1 — 2”;:, with v € C"
and thus H € C"*". How should you choose v such that Hw becomes paral-
lel to ey, for a given vector w. Here, ey is the first coordinate vector: e; =

[1 00 ... 0]

Proof. Given a vector w = (w!,w?,...,w"), we will try to make all entries w

for k = 2,...,n zero by acting with H, thus moving all the 'weight’ of the vector
to the first component. We thus want

k

20H

Hw=w— = ¢t
wEw— v=e lw]lex

for some value of the phase 6, from which we observe that v will need to be a
linear combination of w and e; : v = w + «ey. O

Theorem 3.4. Consider a matrix A € C"*" that is circulant, i.e. A§- =
JG—i) mod n With fo, f1,..., fn—1 € C. Construct the eigenvectors and eigenval-

ues of A.

Proof. Tt can easily be seen that the columns of the Fourier matrix U diagonalise
such a matrix. When denoting columns of U as uy = (n —1/2,,ki )j —0,...n—1 for
k=0,...,n— 1, we obtain

— n—1
1 L
(Auy)" = —= Z —= > F(5-1) mod n*U T
\/> Jj=0 \/ﬁ J=0
Wk n-l . .
= f j—1) mod nwk(J_Z) = (uky)\k
\/,E = (3-1)

so that uy is an eigenvector with corresponding eigenvalue A\ given by

n—1

Ak_zfj 1) modnwk(J 2)_wak]_zvf]

14



Theorem 3.5. Prove that any matriz A € C™*™ admits a Schur decomposition
A = ZTZY, where Z € C™ " is unitary and T € C"*" is upper triangular
(T} =0 if i > j).

Proof. 1t is definitely valid for the case n=1, with A = T and Z = 1. Assume it
holds for all matrix in F(*=D>(=1 and let A € F**". Being a finite-dimensional
matrix, A has at least one eigenvalue A\ with at least one eigenvector v, which
we can normalize to be a unit vector u = v/||v||. Complete {u} to be a complete
set, or equivalently, construct a unitary matrix U whose first column is u, i.e.
Ut = u'. We now have

A . A .
AU =U Sle A=U SluH
bmmm A] bmnn A

with A € FO=Dx(n=1) "g4 that it has a Schur decomposition A = ZTZH. We
thus find

1 Ol>< nl):| |: A .. :| |: 1 le(nl):| H
A=U G . < U
|:O(n—1)><1 A Om-nx1 T ] [Om-1)x1 z"

First matrix is Z, second T and last Z¥, where clearly T is defined as upper
triangular and Z is unitary. O

Theorem 3.6. Given a matriz A € C"*™ that is normal. Show that it can be
unitarily diagonalised, i.e. A = UDUM with U € C"*" unitary and D € C"*"
diagonal (D; =0 4f i # 7). You can use the existence of the Schur decomposi-
tion from the previous question.

Proof. Schur decomposition of a normal matrix must satisfy THT = TTH.
Taking row i and column j of this matrix equation, we find

min(i,j) n N

nkk i

T = Y TiT)
k=1 k=min(i,j)

Starting with for example (i,j) = (1,1), we find |T{[* = >";_,|T}|?, which is
only possible if 7} = 0 for k = 2,...,n. Continuing along these lines, we see
that a normal matrix A must have a Schur decomposition where T is diagonal.
Hence, the Schur decomposition coincides with the eigenvalue decompostion,
and a normal matrix is unitarily diagonalisable. 0

Theorem 3.7. Given a matric A € C™*™ (assuming m > n ) and its (thin)
QR decomposition A = QR with Q € F™ "™ jsometric and R € F™ "™ upper
triangular. Relate the factors in the (thin) singular value decomposition of A
with those in the the singular value decomposition of R.
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Proof. We see the following:

A=QR
A=UpS,VHE
R =UgrSRVE

UaSAVE = QURSRVE
= Uas =QURr, Sa=5gr, Va=Vr

O

Theorem 3.8. Given a matriz A € C™*™ and its singular value decomposition
A =USVH with U,V € F™*" unitary, and S € F**" diagonal. Construct the
unitary (!) matriz that diagonalises the hermitian matric

0O AH
A O ’
Show that your answer is unitary, and that it diagonalises this matrix.

Proof. The unitary matrix that diagonalises this is:

-5l

this matrix is indeed unitary, as:

P T R R
2|U =V u -V
1 vd Uy llu v
2 _VH ~-vHl|\U -V (5)
1 [UHU +URU 0
2] 0 VEy vy
=1
and that it diagonalises the matrix is a trivial calculation O

Theorem 3.9. Given a matriz A € C™*™; consider the linear system Ax =y
that is potentially overdetermined. Suppose in particular that A is not full rank,
i.e. p(A) = p < min(m,n). Construct a solution x that minimises ||Ax — y||
using the standard Fuclidean norm. Ezxplain wether or not this solution unique.

Proof. For an overdetermined system Ax = y where A can be a general rect-
angular matrix and y ¢ im(A), we can write the least squares solution x that
minimises ||Az — y|| using the compact singular value decomposition as

T = VpSp_lUfy = A"y

16



where we again introduced the notation AT for the Moore-Penrose pseudoin-
verse. (At = (A7 A)~LAH) note that this is not unique as the SVD decompo-
sition is not unique O

Theorem 3.10. Given a matriz A € C™*"™; we want to approrimate A by
a matriz B that has at most rank v < min(m,n). Prove that the operator
norm ||A — B|| is minimised by choosing B = U, S, VI the reduced singular
value decomposition obtained by retaining only the r largest singular values (and
corresponding left and right singular vectors) of A. This result is known as
the Eckhart-Young-Mirsky theorem. (There is no need to prove the equivalent
statement using the Frobenius norm.)

Proof. Any rank-r matrix B has v(B) = n — r. Hence, the subspace spanned
by the frist r + 1 colmuns of V cannot be disjoint from ker(B) because of
dimensionality; let w = Z:ill a'v; denoted a unit vector in this intersection,

with v; the ith column of V. Using zziﬂaz\Q =1, we find

r+1
|4 = B|| > [I(A = B)w|| = [|Aw]| = SV w| = [>_lowail*)"/* > 0,41

i=1

The lower bound is exactly saturated by choosing B equal to the truncated
singular value decomposition of A. O

17



4 Multilinear algebra

Theorem 4.1. Consider two square matrices Ay € F™*™ and Ay € F*"
that are diagonalisable. What would be the eigenvalues and eigenvectors of the
Kronecker product A1 ® Ay ?

Proof
(Al)%Az (A1)§A2 (Al)é“Az

N a e, | (A (a3 A Ay
(A4 (AP As .. (AT,

Let us observe the linear operators A; and A, with eigenvectors x; and y; re-
spectively. For simplicity’s sake we will look at just two eigenvectors x; and y;
with corresponding eigenvalues A\; and p;:

Aliﬁi = \i%;
Asyj = 1;y;

Taking (A1 ® A)(z; ® y;) yields:

(A1 ® A2)(z; ®@ y;) = (Arzi) @ (A2y;)
= (Niwg) @ (y;)
= i (zi ® y;)

Thus the eigenvalues of A; ® Ay are given by: Ajp; V1 <¢<m,1 <j <n and
its eigenvectors by: (z; @ y;) V1<i<m,1<j<n O

Theorem 4.2. Let V be an n-dimensional vector space with basis {e;,i =1,...,n}.
Consider the linear operator S € End(V ® V) that acts on the basis vectors as
gei ®e; = e; ®e;. Show that §2 = iv@)v. This equation implies that S can
only have two different eigenvalues; which are those? Can you determine the
dimensionality of the associated eigenspaces (geometric multiplicity) and discuss
the structure of the associated eigenvectors.

Proof. showing 52 = 1(vgy) is rather trivial, we can simply look at the action
on the basis vectors :

S (e;@ej) = S(S(es @ey)) = 8(e; ®e;) = lyoy

now, if we consider this property and simply apply it to the eigenvalue equation
it shows us that the only possible eigenvalues are £1 (this also follows directly
from the fact that S is a permutation operator). We know that eigenvectors
of the operator with eigenvalue one are vectors v that are structured as: (e; ®
e;j)+ (e; ®e;) where the dimensionality is then equal to C3 and the vectors with

18



eigenvalue -1 are those that are as: (e; ®e;) — (e ®e;) where the dimensionality
follows directly from the fact that the direct sum of eigenspaces must have
dimension n?

O
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5 Function spaces

Theorem 5.1. Let f(x) be a continuous function that is periodic with period
27 and is square integrable over a period, for e:cample I = (0,27, so that it
admits a Fourier series representation f(x) = \/ﬂ Zk__oo F¥exp(ikz). Can

you find a condition that the Fourier coefficients F'* need to satisfy to ensure
that f'(x) = %(x) is also square integrable on [0, 27].

Proof. Knowing the conditions they must satisfy is a simple case of explicitly
taking the derivative:

oo

Z exp(ikx)

—0o0
o0

Z exp(ikx))

—00

— \/% Z(erxp(ikx))' (6)
— \/% > (F*Yewp(ikz) + ) F’f(exp(ikx))’>

- \/%77 Z ikF* (exp(ikz))

s.t the following must hold if we want f> € L2: (F*) A kFk € L2
O

Theorem 5.2. Let f(x) be a continuous function that is periodic with period
21 and is square integrable over a period, for example I = [0,27], so that it
admits a Fourier series representation f(x) = \/ﬁ Zk_ - FFexp(ikz). Can

you express f(x) as a linear combination of sin and cos functions, namely as
+oo +oo
flz) =A%+ Z AF cos(kx) + Z B*sin(kx).
k=1 k=1

What is the value of the coefficients A°, A* and B* (for k =1,2,... ) expressed
as an integral over f(x) ?

Proof. using the euler form of complex numbers :

e*® = cos(kx) + isin(kx)

20



it is rather trivial to expand and find these coefficients where A° is simply the
case of k = 0 (duh), and A* and B* are defined as:

27
AF = (x)cos(kx)dx
an (7)
BF = (z)sin(—kx)dx
0
where through simple symmetry arguments of odd and even functions we know
that AF = 0 if f(x) is odd, and B* = 0 if f(x) is even. O

Theorem 5.3. Let {p,(z),n=0,1,2,...} be a family of real-valued univariate
polynomials, where p,(x) is of degree n, that is orthogonal ((Pn, Pm), = Nndn,m)
with respect to an inner product

w

(P, @) = / w(z)p(x)g(x)dz

on the interval I (which could be finite or infinite). Prove that this family of
polynomials must satisfy a recursion relation of the form

bn+1pn+1($) + anpn(x) + Cnflpnfl(x) = xpn(m)

Proof. Since xp,(z) is a polynomial of degree n + 1, it can be written as a
linear combination of the polynomials {1,p1(x),...,pn(x), pnt1(z)}. However,
given that p,(x) is orthogonal to any polynomial ¢ of degree k < n — 2, due to
the symmetry of the inner product formula

[ w)a@) @a@)ds = [ wie)@at@)pa(@)da
Combining these two observations leads to the result that orthogonal polyno-
mials are governed by a recursion relation of the form

bn+1pn+1(x) + anpn (93) + Cn—1Pn, (:L‘) = IPn (l‘)

as n+1 n+1
@)= Y dpi(@) = Y dpula) (8)
k=0 k=n—1

where the last equality follows from that orthogonality relation saying any ex-
pansion coefficient for k < n — 2 is zero

Slightly clearer derivation:
Let us observe polynomials p(x) and q(x) of degree < n. These are simply

linear combinations of the following form: f(z) = Y1 jo;x;. Thus taking
the inner product between these two will result in 0 as they are orthogonal

21



polynomials. Let’s see what happens when we take (py(x),2p,(x)). This is
equal to {(zpg(x),pn(2z)). The bra side is of degree k+1 and the ket side is of
degree n, thus this inner product will equal zero when k£ < n — 1. We find
that the only terms surviving are those of order n-1, n and n+1 (since all other
coefficients must equal zero as (pg(z),pr(x)) # 0). Which allows us to write
xpn () as:
TPp () = bny1Ppt1(2) + anpn () + cn1Pn—1(2)
O

Theorem 5.4. Let {p,(z),n =0,1,2,...} be a family of real-valued univariate
polynomials, where py,(x) is of degree n, that is orthogonal ((Pn,Pm), = NnOn,m)
with respect to an inner product

(P, @) = / w(z)p(x)g(x)dz

on the interval I (which could be finite or infinite). Prove that p,(x) must have
exactly n distinct (and thus simple) roots in the interval 1.

Proof. Let x1,x9,...,2,, be the distinct roots of odd order of p,(x) which lie
within the interval I, with thus m < n. Define ¢(z) = (z—x1)(x—22) ... (T—2m),
so that ¢(z)p,(x) mubt be a function with constant sign for all z € I. This
implies that (g,p,) = [, w ;W pn(z)dz cannot be zero. However, if m < n,
then ¢ is a linear combmatlon of {po,pl, .+, Pm and must be orthogonal to p,,.
Hence, the only possibility is that m = n, which implies that p,,(z) has n simple
roots lying strictly within the interval I, and in particular cannot have complex
roots. U

Theorem 5.5. The Legendre polynomials {P,(x),n=0,1,2,...} are defined
by the gemerating function

P,
VI—2tz+ 2 —2t:c+t2 Z n(

Prove that the Legendre polynomials satisfy the recursion relation
(n+1)Poy1(x) + nPp_1(z) = 2n+ 1)z P, ()

Proof. page 154 exercise (use derivative of generating function) (will type this
out soon..) O

Theorem 5.6. Using the recursion relation for the Legendre polynomials P, (x)
from the previous question, together with Py(x) = 1 and Pi(z) = 1, prove that
they satisfy the Rodrigues formula

1 47 n
Pulz) = 2np! dzm o

Proof. page 154 plop functions in recursion relation O
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Theorem 5.7. The Hermite polynomials { H,(x),n =0,1,2,...} are defined by
the generating function

+oo
exp (th — t2) = Z HHT('x)t”
n=0 '

Show that the Hermite polynomials satisfy

+oo
(@) Hn@)), = [ e H o) Hala)do =201y /7D,0,
Proof. The Rodriguez representation tells us that:
2 d" 2
Hn = (—1)"e® —x
(1) = (1) e
Using this we can rewrite (H,,(z), Hn,(x)) as:
+o0 n 5
(Hn(z), Hm(2)),, = (-1)" Hyp, () e " dx

n
oo dz

Let us look at the case where m # n, and let us assume n > m (note that
it doesn’t matter whether you choose m > n or m < n, just substitute the
polynomial of the highest order):

Integrating by parts n times yields:

“+o0 n

(0" [ Ha) e e = (-0

— 00 — 00

+oo da»

Hp(z)e ™ dz =0
EPD m(x)e T =

Since H,,(z) is a polynomial of order m, taking its nth derivative will result in
0 since n > m.

Now we need to look at the case where n = m. Hermite polynomials also
n n—1
possess the neat property that: %Hn(x) = 2n%Hn_1(x) = 2"p!
After n integrations by parts we obtain:

on 400 dr 2 N +o0 2 .
(1) o Hn(@)e™" dz = 2"n! e~ dg = 2"nl\/7
—co " oo

Which completes the proof. O

Theorem 5.8. The Hermite polynomials { H,(x),n =0,1,2,...} are defined by
the generating function

+oo
exp (2xt — t2) = Z HHT('x)t"
n=0 :

Show that the Hermite polynomials satisfy the recursion relation

Hy,1(x) +2nH,_1(x) = 22H,(x).
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Proof. page 155 same as theorem 6.6 O

Theorem 5.9. Using the recursion relation from the previous question and
Hy(z) = 1, Hi(x) = 2z, show that the Hermite polynomial H,(x) satisfies the
Rodrigues representation

2 d"

Hy(z) = (~1)"" -
() = (-1)"e”’ e

Proof. page 156 O

Theorem 5.10. The Laguerre polynomials {L,(x),n =0,1,2,...} are defined
by the gemerating function

1
L
1teXp< 1t) Z

n=0

Show that the Laguerre polynomials satisfy

+oo
(Ln(), L ()., = /0 ¢ L () Ln(2)dz = 6.

Proof. page 155 O

Theorem 5.11. The Laguerre polynomials {L,(x),n =0,1,2,...} are defined
by the gemerating function

1
L
1teXp( 1t> Z

Show that the Laguerre polynomials satisfy the recursion relation

(n+1)Lpt1(z) +nLlyp_1(z) = 2n+1—2)L,(x).
Proof. page 156 same as theorem 6.5 O

Theorem 5.12. Using the recursion relation from the previous question and
Lo(z) =1, L1 (z) = 1— x, show that the Laguerre polynomial L, (x) satisfies the
Rodrigues representation

T dn
L,(z) = % s (z"e™™)

Proof. page 156 same as theorem 6.6 O

Theorem 5.13. The Chebyshev polynomials are given by T, (x) = cos(n arccos(z)).
Show that they satisfy the recursion relation Tpi1(x) = 22T, (z) — Th-1(x).
Work out To(x) and Ty (x) and use this to show that T, (x) is indeed a polyno-
mial of degree n.
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Proof. page 156 - 157 O

Theorem 5.14. The Chebyshev polynomials are given by T,¢(x) = cos(n arccos(z)).
Show that

+1 1 -

———T ()T (z)de =0 m < =
L e
Proof. page 156 - 157 O

n=~0

(T, Ty = n>0"

Theorem 5.15. Using the recursion relation of the Chebyshev polymials from
question 18 , show that they are generated via

1—uxt
T (
1— 2at+¢2 Z

Proof.
T,,(cos ) = cosnf = Re{e™’}
+o0 1
0 \n __
— —————convergence? We’re physicists, everything converges if you wait long enoug
(6 t) 1 z@t ? We’ hysicist hi if it 1 h
—e
n=0

1 1—e ¢
1—eift 1—e it
1—e ¢
1 —2tcosf + t2

Taking only the real part and substituting cosf for x yields the wanted gener-
ating function. O

Theorem 5.16. Given an integral operator A € End (LQ(I)) that acts as
fl ) dy. Show that A is a bounded operator if (sufficient

// |A(z,y)|* dz dy < oo.
11

Proof. For integral operators, we can easily show that

1AfE = [| [ At st
(o)
- [(/ A(wvy)llf(y)ldy) o
< [([uaewra) ([ 1ropa) a
= ([ [aatpras) 11

25
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where in the first transition, we applied the Cauchy-Schwarz inequality for every
fixed value of x. Hence, a sufficient condition for A to be bounded is that the
integral between the parentheses on the last line is finite. This integral can be
interpret as the (squared) 2-norm of the kernel A(z,y), when interpreted as a
function in L2(I x I) O

Theorem 5.17. Given an integral operator A € End (LZ(I)) that acts as

(Af)(z) = [, A(z,y) f(y) dy and that is bounded (thus satisfying the condi-
tion from the previous question). Can you impose a (sufficient) condition on
the kernel A(z,y) so that A is a symmetric operator. Is it then also self-adjoint?

Proof. Writing the inner product explicitly:
Gr.) = [ [T @yds
- [ [ T @)dyds

imposing A to be symmetric is then equivalent to the following condition:

/mdy = /A(w,y)dw

which is equivalent to saying:

Az, y) = Ay, x)
This operator is then also self adjoint as they have the same domain O

Theorem 5.18. Given two operators A, B End (H) on some infinite-dimensional
(separable) Hilbert space H. Show that, if [/1, B] = AB—BA acts as the identity
(on vectors that lie within its domain), then it is impossible for both operators
A and B to have a finite operator norm.

Proof. if AB — BA = 1, implies that

AB"— BrA=nB
However, because of subaddititvity and submultiplicativity of the operator norm,
we find

nl|B" | < |AB"|| + ||1B"Al| < 2| Alll|B"|| < 2| Al B[IB" ]

from which we obtain n < 2||A|||B||. As this must hold for any n, it is clearly
inconsistent with the assumption that both operators are bounded. O

Theorem 5.19. On the Hilbert space of (equivalence classes of) square in-
tegrable functions L*(I) (with standard inner product) on a compact interval
I = [a,b], consider the operator P with action (Pf)(z) = —if'(z) and domain
Dp = {feL*I)|f € L*I), f(a) = f(b) = 0}. Is this operator symmetric?
Is it self-adjoint?
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Proof. page 165 O

Theorem 5.20. On the Hilbert space of (equivalence classes of) square in-
tegrable functions L*(I) (with standard inner product) on a compact interval
I = [a,b], consider the operator P action (Pf)(z) = —if'(z) and domain
Dy = {f e L*(I)| f' € L*(I), f(a) = —f(b)}. Is this operator symmetric? Is
it self-adjoint?

Proof. page 165 O

Theorem 5.21. On the Hilbert space of (equivalence classes of) square in-
tegrable functions L*(I) (with standard inner product) on a compact interval
I = [a,b], consider the operator P with action (Pf)(z) = —if'(z) and domain
Dy ={f e L?()| f' € L*(I), f(a) = 2f(b)}. Is this operator symmetric? Is it
self-adjoint?

Proof. page 165 U

Theorem 5.22. On the Hilbert space of (equivalence classes of) square in-
tegrable functions L?(I) (with standard inner product) on a compact interval
I = [—a,+a], consider the operator A with action (Af)(z) = (22 = 1) f(=)
and domain D ; = L2(I). Is this operator symmetric? Is it self-adjoint? Can
you guess what the (discrete, continuous and residual) spectrum of A is; try to
explain or motivate your answer (in words)?

Proof. exercise 0
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6 Fourier calculus and distributions

Theorem 6.1. Let the Fourier transform of a function f(x) € L*(R) be given

by

fle) =

f(z)e 276 dg,

“+o0
Loo

Prove that, for g(x) = f(x)e™127% it holds that (&) = f(f +a).

Proof.

9(&)

67127r£w dz

722#1?&671271'61’ dz

—i2n(é+a)x

(&
e dz

[ :O g()
/ :o /()
[ i@
f(€+a)

O

Theorem 6.2. Let the Fourier transform of a function f(x) € LY(R) be given

f&) =

f(z)e 27 dg.

+oo
[W

Prove that, for g(z) = f(z — a), it holds that §(&) = f(€)ei2mat,

by
Proof.
9(§) =
Theorem 6.3.
by

fe) =

g(m)e_i%&” dz
+oo )
/ a)efﬂﬂ'gw dz

flz -

“+oo
f(u)efi27r§(u+a) du
+oo . .

/ f(u)67127r§u67127r5a du

Flggemime

O

Let the Fourier transform of a function f(z) € L*(R) be given

+oo -
/ f(z)e 127 dg.
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=

Prove that, for g(x) = f(—=x), it holds that g(§) = f(§).
Proof.

g(x)e—i%rfr dz

(_x)e—i27r§x dz

f(—z)e 12me(=2) dy

I
\H\
8
"

O

Theorem 6.4. Let the Fourier transform of a function f(x) € LY(R) be given
by

R +oo s
fle) = / f(z)e 27 dg,

Prove that, for g(x) = f(x/a), it holds that g(§) = |a|f(a§_).

Proof. we shall consider two cases, a > 0 and a < 0 (note a = 0 is trivial)

+o0 .
3(e) = / g(x)e 2" dg

— 00

+oo
= / f(z/a)e 277 dg

a>0 i

= a/+<>0 f(u)ei2m8au qy,

~ Jalf(a) (3
a<0

= a/ fu)e™2meau qy

+o0
+o0 )
—lal [ st au
— 00

= lalf(a$)

where we note the swapping of the boundaries if a < 0 when we apply the
absolute value, these boundaries swap again thus delivering the desired result
O

29



Theorem 6.5. Let the Fourier transform of a function f(t) € L'(R) be given

by
Y _ 1 oo +iwt

Prove that, for h(t) = (f x g)(t) = j;o f(s)g(s —t) ds with f,g € LY(R), it
holds that h(w) = V27 f(w)§(w).
Proof. h=fxg=g=x*f:

+00 +oo

W) = (f * g)(x) = / £ — y)g(y)dy = / fWg(x — y)dy

— 0o —oo

It is easy to show that h € L!(R). We now obtain the convolution theorem:

h(¢) = / dre™ 27 / dyf(z - y)a(y)

_+oo +oo ) ) )
= / dy( / dwe” 2TV f(z — y))g(y)e T
—o0 —oo
= f(O9(C)
Due to fourier conventions, can the factor change (here it is 1). O

Theorem 6.6. Let the Fourier transform of a function f(t) € L'(R) be given

by
ry _ 1 oo +iwt
flw) = o [m f(t)e dt.

What is the Fourier transform g(w) of the function g(t) = f'(t) with f € L*(R)
such that also f' € L'(R) #

Proof. g = f' € L*(R), we find:

+oo
g(w) = \/% [ f(t)e™tdt

= e [ e
1 . -
- _ \/%wa(w)

O

Theorem 6.7. Let the (Plancherel)-Fourier transform of a function f(z) €
LY(R) N L2(R) be given by

“+oo

F&) = (Ff)() = / f(w)e 27 dy,

— 00
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What does the Parseval relation fj;o |£(€)|2de = fj:; |f(x)|?> dz tell you about

the nature of the Plancheral-Fourier operator F 2

Proof. The Parseval relation says that |f||2 = ||F(f)||2. This says that the
Fourier transform operator an isometric linear operator is. Which immediately
implies that we habe the general Parseval relation:

(£,9) = (F()), F(9)) = (f.9)
O

Theorem 6.8. Let H,[p] = f;oo p(z)dx be the (shifted) Heaviside distribution.
Show that the distributional derivative H|, = §,, with d,[¢] = ¢(a) the shifted
Dirac distribution.

Proof.

where, using partial integration of the functions 1, and ¢ we achieve the desired
result as p(o0) = 0 and the derivative of a constant function is also zero st the
second integral vanishes O

Theorem 6.9. Using the result from the previous question, and the fact that
the distributional derivative of the regular distribution Ty associated to f(x) =
log(|z|) is the Cauchy principle value T} = Pv L. prove the Sokhotsky-Plemelj
formula
lim -
s—0t . £ 1is

1
=Pv— Find(x)
x
Proof. Consider the principal branch of the logarithm function. This function

is defined for all z =€ C\R_y, or thus, for z = re’® with r = |z| € [0, +00) and
¢ = arg(z) = arctan(%) € (—m,+m) and act as

log(z) = log(r) + i¢ = log (\/ x? 4+ 52) + iarctan (;)

Note that:

. s
lim arctan | —
s—0+ xT

0 >0
{w <0 =nH(-x) (14)

lirgl+ log (\/ x? + 82) = log|z| (15)
s—
we then find

lim log(x £ is) = log|z| £ inH(—x)

s—0t
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Thus taking the distributional derivative yields:

1
. Y e,
sgg)lJr T tis vx T imd(z)

This result is known as the Sokhotski-Plemelj theorem O

Theorem 6.10. Use this result to show that the distributional Fourier trans-

form H of the Heaviside distribution H|p] = f0+oo o(x)dx is given by

H(¢) = —i Pv% + %5(5).

Proof. H(x) =lim,_,g+ e **H(z), we find:

+oo
H(¢) = lim e ST H(x)e ™% dy

s—=0t+ J_ o

+oo )
= lim e~ (5Hi2m8)z g
s—0+ 0

sl—1>%1+ s+ i2m€

i 1

- s—l>I(1)l+ 2m€ —is
i 1

1
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7 Applications of Linear Differential Operators

Theorem 7.1. Consider the second order linear differential operator L that
acts as
df

(ED@) = ax(@) S L) + () L (@) 1 aofa) ().

Define the action of the formal adjoint Ltwith respect to the standard L?(R)
inner product (f,g) = f+°° g(z) f(x)dz and show that

— 00

j(@) = a@) (L)) — (L) (@)f(x)

equals a total derivative, i.e. j(z) = “LJ(g(x), f(z)), where you define what

J(g(x), f(z)) is.
Proof. We define the formal adjoint as

or thus

= dxzy
Consider the following equality
d i~ . d di-1-k diu v
%[Z(*l) (w”(x))(wu(@)} = U(l’)@(m) - (*I)JU(I)W@)

k=0

which follows by applying the Leibniz (read: product) rule and canceling the
contribution where the additional derivative acts on v(z) in the term j with the
contribution where the additional derivative acts on u(z) in the term (j+1). If
we substitute v(z) — ar(2)v(x) and sum for k from 0 to p, we find the Lagrange
identity

~ —— d
v(@)(Lu)(z) — (L) (@)ulz) = ——J (u(z), v())

where we have defined the bilinear concomitant (it actually is sesquilinear (fuck-

ing chad jutho))

p j—1 dk _ di—1-k
Tu(e) o(@) = 30 DD oy (o) ()
§=0 k=0
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Theorem 7.2. Refeat the previous question with respect to a weighted inner

product (f, g)w = | w(x)g(x)f(x)dx. Under which conditions on as(x),ai(x)

and ag(x) (which you can assume to be real-valued) is L formally self-adjoint?

Proof. The formal adjoint of the derivative is given by

L
w(z) dx

(Dlo)(a) = — [w(z)v(2)]

We also need to change the Lagrange identity to

w(@)v(@)(LTu)(z) = w(z)(Liv)(z)u(z) = %J(U(ﬁ)vv(x))
with bilinear concomitant now given by
p j—1 11—
Hula),o(@) = 3 S el (o) )
j=0 k=0
O
Theorem 7.3. Consider the second order differential operator L= —DQ, i.e.

(Lf)(x) = f"(x) with a domain Dy, = {f € L*([a,b]) | /" € L*([a, b)), f(a) = f(b), f'(a)

What is the action and domain of the adjoint Lt Is L self-adjoint with these
boundary conditions?

Proof. Starting with the formal adjoint, we find its action to be

Lt =—-D?

now using the (not so bilinear) bilinear concomitant to find the boundary con-
ditions for LT, we find:

905 (F(8) — 5= (GO O)] ~ e - () — 5~ (gl f(@)] = 0

now using the boundary conditions in Dy, all terms are zero if we impose fol-
lowing(boundary) conditions in Dy ;:

Dpr ={g€ L*(I)| ¢"(x) € L*(I), ' € L*(I) A g(b) = 0}
from which we see that L is not self-adjoint but it is symmetric. O

Theorem 7.4. Consider the Sturm-Liouville operator (Lu)(z) = 4 (p(z) Lu(x))+
q(x)u(x). Show that it is self-adjoint with respect to the standard inner product
on L*([a,b]) if using the separated boundary conditions f(a) + af'(a) = 0 and

f()+ Bf'(b) =0 where a, 8 € R.

Proof. page 210 under 7.32, it can be verified that these conditions on u imply
the same conditions on v in order to have a vanishing boundary term, so that
L then becomes self-adjoint. O
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Theorem 7.5. Consider the first order vector-valued homogeneous differential

equation 4
(1) = Al)=(?)

with z(t) € F™ and A(t) € F"*™. Let Z(t) be a fundamental solution matriz,
i.e. for everyt,Z(t) € F"*™ such that

%
dt
with furthermore det(Z(t)) # 0, so that the column of Z(t) represent n linearly

independent solutions. Let Z(t) be another Jundamental solution matriz; show
that there exists a constant matriz C € F™*™ such that Z(t) = Z(t)C.

(t) = A(t)Z(t)

Proof. Which follows from

()2 020 + 27 ()% (1)

ac d._ 4, 5 B 1,47
= S22 = -2 ()

=-Z Y OAWZt)+Z7 A Z(t) =0
where the first term comes from the fact that:

027-1 oz
=—Z'+Z
a1 a’ T4

Zfl
0 _0

O

Theorem 7.6. Consider the first order vector-valued homogeneous differential

equation 4
< () = A=()

with z(t) € F™ and A(t) € F**" where furthermore A(t) is a periodic function
of time, i.e. A(t) = A(t+T) for some period T. Let Z(t) be a fundamental
solution matriz as defined in the previous question. Show Floquet’s theorem,
namely that Z(t) can be expressed as

Z(t) = Q(t) exp(Bt)

where Q(t) is also periodic with period T and B is a constant matriz. You can
use the result from the previous question.

Proof. If Z(t) is a fundamental solution matrix, then so is Z(t) = Z(t +T), as
it satisfies

dZ(t) d .

% = %Z(t +T)=At+T)Z(t+T) = At)Z(t)
Hence, there exists a constant matrix C such that Z(¢t+7T) = Z(¢)C} it is given
by

C=Zt)""Zt+1T)
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and known as the monodromy matrix. With C being invertible, it has a (non-
unique) logarithm, from which we define B = %logC so that C = eTB. If we
now define Q(t) = Z(t)e~*" then we find

Qt+T)=Z(t+T)e DB = Z(1)Ce TBe™B = Q(t)

Hence, any fundamental solution matrix take the form Z(t) = Q(t)e!? with Q
periodic with period T. O

Theorem 7.7. Consider the second order scalar-valued homogeneous differen-
tial equation
az(t)i(t) + a1 (t)u(t) + ao(t)u(t) =0

and consider two solutions u(t) and v(t). Define the Wronskian

we=ae ([ 55 560 )

Prove Abel’s formula W (t) = W (ty) exp (— ftto al(T)/ag(T)dT>.
=u

()o(t) —a(t)o(t)

Proof. Tf we have two solutions u(t) and v(t), we find W (%)
and thus

W () = u(t)i(t) — i(t)o(t) = — (u(t)o(t) — a(t)o(t) = —

—Z—; is bounded and integrable , s.t:

V) = W(t)exp( / (1) oy

to az(T)

is well defined, if we now differentiate both sides, and use our known expression
for the time derivative of W(x):

V) = W(t) — W) Lewp /t aulm) 4y

o a2(7)

V is thus constant, and V(tg) = W (tg) = V(¢) s.t solving the definiton of V(t)
for W gives abel’s formula O

Theorem 7.8. Consider the first order vector valued initial value problem

dz

dt
Let Z (t,tg) the principal fundamental solution of the homogeneous differen-
tial equation, i.e. for every to,Z (t,tg) is the fundamental solution matriz
(thus satisfying 7 (t,t0) = A(t)Z (t,t9)) which satisfies the specific condition
Z (to,to) = 1. Verify that the solution to the initial value problem is given by

(t) = A()z(t) + b(t), 2(0)=¢.

z(t) = 7Z(t,0)¢ —|—/O Z(t,s)b(s)ds
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Proof. page 219, maybe a little before this as well but idk

+oo .t tq tn—1 tn
2(t) :Z(t,to)c+n§_:()/to dtq /to dt2--~/ dtn/ dTA(t1)A(t2) ... A(ty)bT

to to

t +oo ¢ t1 th-1
:Z(t,to)C+/ dTZ/ dtl/ dt2~~/ dtn A(t1)A(ty) . .. A(t,)bT
t n=0"YT T to
t

0

— 2 1e)C + / Z(t, 7)b(r)dr

to

O
Theorem 7.9. Given a second order linear differential operator L that acts as

. d? d
(Lu)(@) = az(2) (@) + a1 (&) - (2) + ao(@)u(x)
Consider the homogeneous differential equation (Lu)(z) = 0 with separated ho-
mogeneous boundary conditions u(a)+au'(a) = 0 and u(b)+pu’(b) = 0. Ezplain
why the solution space of this completely homogeneous boundary value problem
can be at most one-dimensional.

Proof. For separated boundary conditions, the solution space can at most be
one-dimensional. If the two linearly independent fundamental solutions wq
and ug would both satisfy Bifu;] = 0 and Bj[ug] = 0, then both vectors
[u1(a),u)(a)]T and [uz(a)ub(a)]” would be in the kernel of a two-dimensional
linear form, which is one-dimensional. Hence, both vectors would be linearly
dependent, which is in violation with u; and us being linearly independent solu-
tions, as this requires that at any point x, the Wronskian W (z) = uy (z)ub(x) —

ug(x)u (x) # 0.

Theorem 7.10. Given a second order linear differential operator L that acts
as

d?u du

(L)(z) = a2(2)* 5 (&) + a1 (@) (@) + aoa)u(e).

Consider the inhomogeneous differential equation (Lu)(x) = f(x) with sepa-
rated homogeneous boundary conditions u(a) + au'(a) = 0 and u(b) + fu'(b) =
0. Let uq(z) and up(z) be solutions of the homogeneous differential equation

Lug ) (x) = Assume that u(x) and uy(x) are linearly independent solutions,

so that W) — det ([ Uq(x)  up(w) D # 0.
g (z)  uy(z)

a

Show that ug(x) = f:g(x,y)f(y) dy with

walthnlu) g < g Ug (min(x up(max(x
g(x,y>:{ O 0 <<y ua(ninge.p)u(max(s,p)

Z;(z)y‘;(g)’ y<z<b B a2(y)W(y)
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18 a particular solution to the inhomogeneous differential equation with homoge-
neous boundary conditions.

Proof. We can construct the fundamental solution w; (z) such that it satisfies the
left boundary condition Bj[ui] = aqug(a) + asuj(a) = 0, namely by choosing

ui(a) = ag and u)(a) = —ay as initial conditions. We similarly construct the
second fundamental solutions us such that Balua] = Brua(b) + Baub(b) = 0,
namely by choosing us(b) = B2 and u)b(b) = —pB; as ’initial condition’ and

integerating to the left we can then set
9(@,y) = H(y — x)c(y)ua(z) + H(z — y)d(y)uz(z)
and find
d(y)uz(y) — c(y)u(y) =0

d(y)u(y) — ey (y) = ﬁ

the solution can be written using the Wronskian W (y) = u1 (y)us(y)—u} (v)ua(y)
with g(x,y) the given function. O
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