Hoofdstuk 4: Propositierekenen:

Stelling 1:

X=EXEYy=Sy =E<ax2(X=Sy=y)=EX>X=X
E<3X2XE(yEyEX)>XEyEyEX

Stelling 2:

I =<ax3,1=(y=y)mety =1>1=1
=<ax3, | =(y=y)>1=y=y

Stelling 3:

Xx=x =<stl, X=X)=(y=y)>y=y
=<ax3,1=(y=y)>1

Stelling 4:

y=l=y =<ax3,(l=y)=y>y=y
=<ax3, 1=(y=y)> 1

Stelling 5:

TXSYSEXETy =<ax5, C(XFy)ET0XEy> o (XEy)EX=Ty
=<ax2,X=Ey=y=xmetx,y:=X, "y> " (XTy)=Ty=X
=<ax5, " (XSy)=TxEymetx,y =y, x> " (x=y) =7 (y=x)
=<ax2,X=y=y=xmetx,y =y, x> " (X=y)= " (X=y)
=<ax3,l=y=ymety =" (x=y)> 1

TXEy =<ax5, T(XFy)=ETx=y> (X =y)
=<ax2,x=y=y=x>"(y=X)

=<ax5, "(X=y)=E"xX=ymetx,y :=y,x> "y =X
=<ax2,Xx=y=y=xmetxX,y = "y,Xx>X="y

Stelling 6:

TTOXEX =<stS, metx,y ="X, x> T"X="X

Stelling 7:

-0 =<ax4>-——1
= <st6> 1

Stelling 8:

(x#y)=<ax6>" (x=y)
=<ax5>"x=y



Stelling 9:

X =x=<ax5> " (X =X)
=<ax3>—1
=<ax4>0

Stelling 10:

(x £y) = <ax6>~ (X =y)
=<ax2>~(y=x)
= <ax6> (y £X)

Stelling 11:

(x£y)£2z) =<st8>("x=y)Z£z
=<st8> " (Tx=y)=z
=<ax5> ("7 x=y)=z
=<st6> (x=y)=z
=<ax1>x=(y=2z)

<st6>x=(Ty=2)

<ax5>x="("y=2)
=<ax2> " (T"y=z)=X
=<ax5>~(("y=2)=x)
=<ax2> " (x=("y=2)
=<ax5> (—x=("y=2)
=<st8> (x£(T"y=2)
=<st8> (x £ (y £2))

Stelling 12:

(x£y)=2z) =<ax6>(~(x=y)=2z)
= <gx5>— ((X = y) = Z)
=<ax]>~(x=(y=2))
= <ax6> (x £ (y = 2))

Stelling 13:

X£EY=2Z =<ax6> " (x=(y=12))
=<ax2>~((y=2z2)=Xx)
=<ax5> (—(y=2z)=x)
= <gx2> (XE_'(yEz))
=<ax6>x=y#z

Stelling 14:
x V1 <ax3>x Y (X =x)
<ax10>xYx=xVYx
=<ax9>x=x
=<ax3>1



Stelling 15:

xV0 =<st9>x V(—x=x)
=<axl0>x VY (—x)=xVx
=<axll,ax9>1=x
=<ax3>x

Stelling 16:

KYYY(xY2)  =<ax8>xV(yY(xV2)
=<ax8>xV((yVx)VYz
=<ax7>xV(xVy)Vz
=<ax8>xV(xV(yVYz)
=<ax8> xVx)V(yV2z
=<ax9>xV(yVz)

Stelling 17:

XVyEx\/—'y E<aX10>XV(yE—|y)
= <ax2>xY (y=y)
=<st9>x V0
=<stl5>x

Stelling 18:

x/\y =<axl2>x=y=xVy
=<ax2>y=x=xVy
E<ax7>yzxzyvx
=<ax12>yAx

Stelling 19:

xAy)Az  =<axI2>x=y=xVy)Az
<ax12>(xEyEXVy)Ezz(XEyEva)VZ
<aX10>XEyEvaEZE(XEy)VZ E(XVy)VZ
=<axl0,ax8>x=y=xVy=z=xVz=yVz=(yVz)Vx
=<ax2,ax10>y=z=yVz=x=(y=z)Vx=(yVYz)Vx
E<ax10>(y525y\/Z)ExE(yEzEsz)Vx
=<ax12>(y=z=yVYz)Ax

=<ax12>(yAz) Ax

=<stl&8&>x A (yAz)

Stelling 20:

xAx =<axI2>x=x=xVYx
=<ax9>x=xXx=X
=<ax3>1=x
= <ax3>x

Stelling 21:



xANl =<ax12>x=1=xV1
=<stl4>x=1=1
=<ax2>x

Stelling 22:

xAN0) =<ax12>x=0=xVY0
=<stl5>x=0=x
=<st9> " x =X
=<st9> 0

Stelling 23:

xAY)A(xA2Z) =<stl9>x A (y A (x A 2))
=<stl8>xA((xAz)Ay)
=<stl>xAXA(zAy))
=<stlo>(xAx)A(zAYy)
=<st20>x A (zAy)
=<stl8>x A (y A z)

Stelling 24:

XA X=<st9>x A (x=0)
=<ax12>x=x=0)=xY (x=0)

<ax10>x=x=0)=xVx=xVY0

<st9, ax9, st15>x=—"xXx=x =X

=<ax2>x="X

=<ax2>"X=X

=<st9>0

Stelling 25: (a):

xAxVYy) =<axl12>x=xVy)=xVY(xVy)
=<ax2,ax8> xYy)=x=(xYx)Vy)
=<ax9> xVy)=x=(xVy)
=<ax2>x=xVYy)=xVy)
= <ax2>x

Stelling 25: (b):

xV(xAy) =<axI2>xAXAy)=x=(xAy)
=<stl9> (x Ax)Ay)=x=(xAy)
=<st20> (xAy)=x=(xAy)
=<ax2>x=(xAy)=(xAy)
= <ax2>x

Stelling 26: (a):

X/\(_‘va) E<ax12>x5(—|xvy)zx\/(—|x\/y)



E<St16>XE(_‘XVy)E(XV_‘X)V(va)

=<st9, ax11>x=(x=0)Vy)=1Y(xVy)
=<ax7,stlo>x=(y YV (x=0)=(1VYx)Y(1Vy)
=<ax10,ax7>x=(yVx)=(yvV0)=xVY1)V(yVvl)
=<stlS, stl4>x=(yVx)=y=(1VY1)
=<ax7,stl4>x=xVy)=y=1
=<ax2,ax3>x=(xVYy) =y

=<ax2>x=y=(xVy)

=<ax12>x Ay

Stelling 26: (b):

xV(—xAy) =<axI2>xV(—~x=y=(—xVy))
E<ax10>x\/(—|xEy)Ex\/(—|XVy)
=<ax8>xV(~x=y)=xVY—x)Vy
=<axl1>xY(~x=y)=1Vy
E<ax7>x\’(—|XEy)Ey\/]
=<stl4>xV(~x=y)=1
=<ax10>xY—-x=xVYy=1
E<aX2>XVyEXV_'XEI
=<axll>xVYy=1
E<ax3>x\/y

Stelling 27:

xV(yrz) =<ax12>xVY(y=z=yVz)
=<ax10>xV(y=2z)=xV(y VY2
=<ax10,stl6>xVy=xVYz=xVy) Y (V2
=<ax12>xVy)AxVz)

Stelling 28:

xAy)V(xAz) =<st27> ((x Ay) Yx) A ((x Ay) Y 2)
= <ax2> (x Y (X AY) A (2 Y (x A y))
<st25b>x A (zV (x Ay))
<s27>xA((zVx)A(zVy))
=<ax2>x A ((xY2z) Mz VYy))
=<st25a>xA(zVy)

Stelling 29: (a):

“(xAy) =<ax12>—(x=y=xVy)
=<ax5>—"x=y=xVy
=<ax7>"x=y=yVx
=<stl7>—x=yVY—x
E<St6>—'XE—|—|yV—|X
=<ax7>—-"x=—"xVY -y
=<stl7>—xV -y



Stelling 29: (b):

—“(xVy) =<stl7>—(xY~y=x)
=<ax5>(xYy)=—x
=<st> ((—x=0)Vy)=—x
=<ax7,ax10>(—~yY—-x=—~yV0)=—x
<ax7,stl5>—-xV-y=—-y=—x
<aX2>_‘y5_'XE—'X\’—'y
=<ax2>—"x="y=—xY "y
=<ax12>—-x A~y

Stelling 30:

XAy=xA-y =<st6> - xAy=—-x Aoy
<St6>_‘_‘XA_‘_‘yEﬁﬁxl\—|y
<st29b>— (—x Vy)=—(—xVy)
=<st5>—xVY-y=—-xVy

=<stl7>—x
Stelling 31:
X/\(yEz)Ex/\yEx/\Z E<axl2>xzyEzEXv(yzz)EXzyEvaEXzzEXvZ
E<ax1()>xEyEzExVyExVZExEyExVyEszExVZ
E<ax2>x5y5z5x5z5x5yzxVyEvaEXszXVZ
E<ax3>XEyEZEXEZEXEyEX\/yEXVyz1
E<ax3>xzyzzzxzzzxzy5151
=<ax2>y=y=z=x=z=x=x=1=1
=<ax2>y=x=z=y=z=x=x=1=1
=<ax2>y=x=z=y=x=z=x=1=1
=<ax3>1=x=1=1
=<ax2>x=1=1=1
=<ax3>x =1
= <ax3>x
Stelling 32:
xA(y=x) =<axl2>x=(y=x)=xVY(y=x)
=<axl,axl0>x=y=x=xVy=xVx
=<ax9,ax2>x=x=y=x Yy=x
E<ax3>15y5x\/y5x
=<ax3>y=xVYy=x
E<ax2>xzyzx\/y
=<ax12>x Ay

Stelling 33:

(XEy)/\(ZEX) E<St31>(x£y)Azz(xzy)/\xz(xzy)

E<st18>z/\(x5y)5x/\(XEy)E(XEy)
=<st3l>zAx=zAy=z=xAXx=xAy=x=x=y
=<st20>zAX=zAy=z=x=xAy=x=x=y



E<aX2>Z/\Xzz/\yzzle\yzxzxzxzy
E<ax3>z/\XEZ/\yEZEx/\yElExEy
E<aX3>Z/\Xzz/\yzzle\yzyzyzxzy
E<st20>z/\xzz/\yzzzx/\yEyAyEyEXEy
E<St18>z/\Xzzl\yzzzy/\xzy/\yzyzxzy

E<st31>z/\(x5y)5y/\(XEy)EXEy
=<stl&> (x=y) A z=(x=y) Ay =(x=y)
=<sBI>(x=y) A (z=y)

Stelling 34:

(xAY)Y(~xAny) =<axI2>(x=y=xVy)Y (CxAy)

=<st29b> (x=y=xVy) V(- xVy)

= <st18> (- (x Vy) Y (x=y =x Vy)
<ax10>(CxYy)YEx=y)=CExVy)YEVy)
<ax11>(CxVYy)V(Ex=y)=1
=<stI7>xVy)Y(x=y)=x=y)=1
=<ax10>xVYy)Vx=xVy)Yy=x=y)=1
=<ax7,ax8>y VY (xVx)=xV(yVy) =x=y)=1
E<ax9>nyEXVyE(XEy)EI
=<ax7>yVx=syVYx=(x=y)=1
=<ax2>(x=y)=1
=<st4>x=y

Stelling 35:

CxAy)V(xATy) =<ste>(CxAy)V(CmxATy)
=<st34>—x=y
=<St8>x £y

Stelling 36:

x=y=<axl3>xVy=y
E<ax7>y\/xzy
=<stl7>yVY—-x=y=y
=<ax2>y VY —x
=<ax7>—"xVy

Stelling 37:

X=>yE<ax13>XVyEy
=<ax12>xAy=x

Stelling 38:

x=>y=<ax13>xVy=y
=<stl7>xVY—-y=x=y
E<aX7>_‘yVXEXEy
=<st]l7>—-yVox="y=x=y
E<st5>—|y\/—|xz—-x



=<axI3>—~y=>—-x

Stelling 39:

X=>(y=z) =<st37>xA(y=z)=x
=<st3I>xAy=xAz=x=x
=<ax2>xAy=xAz

Stelling 40:

x=(y=z) =<st37>xA(y=z)=x
E<st31>x/\yEx/\ZEXEX
=<ax2>xAy=x=xAz=x
=<St37>x=>y=x=>7

Stelling 41:

(x=>y)=> (x=>7) =<ax3>(xVy=y)=>(xYz=2)
=<ax13>xVy=y)Y(xVz=z)=xVYz=2)
E<aX10>(XVyEy)V(XVZ)E(XVyEy)VZE(XVZEZ)
=<ax10>xVz)YxVy)=xVz)Vy=zY(xVy)=zVy=xVz=z
E<ax9>x\/ZVyEsz\/yEsz\/yEZ\/yEXszZ
=<ax3>xVzVy=zVy=xVz=z
=<ax10>xV(yVz=z)=(yVz=z
=<ax13>x=>(yVz=2z2)
=<ax13>x=>(y=>2)

N

Stelling 42:

xAy)=z =<st30>—(xAy)Vz
=<st29a> (—xV—y)Vz
=<ax8> —~x Y (~yVz)
=<st30>x =>(—y VY z)
= <st30>x => (y =>z2)

Stelling 43:

XAX=>y) =<st36>xA(—xVy)
= <st26a> x Ay

Stelling 44:
XA(y=>x) =<st38>xA(-x=>"y)

=<sto>x A (x YV y)
= <st25a>x

Stelling 45:

xV(x=>y) =<st36>xV(~xVy)



E<ax8>(xV—|X)\/y
=<ax11>1Vy
=<ax7>y V1
=<stl4> 1

Stelling 46:

xV(y=>x) =<st36>xV(~yVYx)
=<ax7>xV(xVY~y)
E<ax8>(XVX)V—|y
=<ax9>x Y-y
E<ax7>—|y\/x
= <st36>y=>x

Stelling 47:

xVy)=>xAy) =<st36>—(xVy)Y(xAy)
=<st29b> (—mx Ay) YV (x Ay)
=<ax7>XAy)Y(xAy)
=<st34>x =y

Stelling 48:

X=>X =<st36>—-x VX
=<ax7>x VY —x
=<axl1>1

Stelling 49:

Xx=>1=<st36>—-xVY1
=<stl7>xV1=1
=<stl4>1=1
=<ax3>1

Stelling 50:

1 =>x=<st36>—1 VYx
<ax7>x VY1
<ax4>x VY0
=<stl5>x

Stelling 51:

x=>0=<st36>—x VY0
=<stl5>—x

Stelling 52:

0=x=<st36>-0Vx
=<st7>1VYx



=<ax7>xV1
=<stl4> 1

Stelling 53: a:

x=>xYy =<st36>—xY(xVy)
=<ax8> (—xVYx)Vy
=<ax7>(xY—x)Vy
=<ax1I>1Vy
E<ax7>y\/ 1
=<stl4>1  (st2)

Stelling 53: b:

XxAy=>x  =<st36>—"(xAy)Vx
=<st29a> (—x YV y) Vx
=<ax7>(~yY—-x)Vx
=<ax8> "y VY (~xVYXx)
=<ax7>—"yV(xxVY—Xx)
=<axl1>—yVl1
=<stl4>1  (st2)

Stelling 53: c:

XxAy=>xVy=<st36>~(xAy)V(xVy)
=<st29a> (—x VY y)Y(xVy)
=<stlo>((xV~y) V)V ((-xY~y) Vy)
= <ax7, st16> (x V7)Y (x Y =) Y (y Y= x) Y (v Y~ y)
=<ax7,ax11>1YxY—-y)YV(yY—-x)Vl1
=<stl4>1V1
=<stl4>1  (st2)

Stelling 53: d:
XV(y/\z)Z>xVy <St27>(XVy)A(XVZ)=>XVy
<SB6> (XY y) A (x V7)Y (x V)
=<st29a>—~(xVy) Y- xYz)Y(xVy)
<ax?> = (xVy) ¥ (x Y y)Y = (x Y 2)
<ax7>(xVy) Vo (xVy) V= (x Y 2)
=<ax11>1Y—~(xVY2z)
=<ax7>—-(xVYz)Vl1

=<stl4>1  (st2)

Stelling 53: e:

XAy=>xA(yVz) =<st28>(xAy)=>(xAy)Y(xA2)

<st36>— (x Ay) V((xAy) YV (xAz)
<ax8> ((x Ay) Y (xAy)) Y (xAz)

=<ax7>(xAy) Y (C(xAY)) Y (xAz)
=<axl11>1VY(xAz)



=<ax7>(xAz) V1
=<stl4>1  (st2)

Stelling 54:

XAx=y)=>y =<st43>(xAy)=>y
=<stl8> (yAx)=>y
= <instantiatie, [y, X ==X, y> x Ay =>x

Stelling 55:

(x=2)A(y=>7) =<s36>(xY2)A(yY2)
=<ax7>(zV—-x)AN(zVY~y)
=<st27>zV (—~xAy)
=<st29b>z VY (—(x Vy))
=<ax7>~(xVy)Vz
=<st36>(xVy)=>z

Stelling 56:

x=2)AN(x=12z) =<st55>(x VY x)=>2
=<axll>1=>1z
= <st50>z

Stelling 57:

x=y)Ay=>x) =<st36>(xYy)r(TyVx)
=<st28> (("x Vy) Amy) V(X Yy) Ax)
=<stl8> ((xVy)Amy) Y (xACxVy)
=<st26a> ("xVy) A y) Y (xAy)
=<stl8, ax7,st6> (—yA(—y VX)) V(xAy)
=<st26a> (—y A x)V(xAy)
=<ax7,stl&> xAy)Y(—xAy)

=<st34>x =y
Stelling 58:
(x=>y) A (y=>x)=>(x=Yy) =<stS7> (x=y)=> (X =Yy)

=<st48>1  (st2)

Stelling 59: (a):

Stelling 60:

Stelling 61:

Stelling 62:



Stelling 63:

Stelling 64:



