Hoofdstuk 5: Predikatenrekenen:

Oef 1: (a):
1(f(u),w)

1(w,w)
z

Oef 1: (b):

g(x) -> kan niet, zou g(w) moeten zijn
Oef'1: (¢):

1(f(h(x)),f(w))
1(f(w),f(u))
1(w,w)

z

Oef 1: (d):

f(h(g(f(y)))) -> kan niet, zou f(u) moeten zijn

Oef 1: (e):

k(h(x),h(x))
k(u,u) -> kan niet, zou k(x,u) moeten zijn

Oef 2: (a):

*x|0<x+r<n.x+v)[v:i=3]
*x|0<x+r<n.x+3)

Oef2: (b):

*x|0<x+r<n.x+v)[x:=3]
*x|0<x+r<n.x+v)

Oef 2: (¢):

*x|0<x+r<n.x+v)[n:=n+Xx]
*y|(0O<x+r<n)[x:=y][n:=n+x].XxX+V)[x:=y][n:=n+x])
(yl0<sytr<(n+x).y+v)

Oef2: (d):

*x|0<x+r<n.*y|0<y.x+y+n))[n:=x+Yy]
*z|(OL<x+r<n)[x:=z]n=x+y].(*(y|0<Ly.x+y+n)) [x:=z][n:=x+Yy])

z](0<ztr<(x+y) . *@|(0<y)[y=u]n=x+y].(z+y+n)[y=u]n:=x+y])
(2] (0<z+r<(x+y). *[(0 <uw).(z+u+tx+y))



Oef2: (e):

*x|0<x+r<n.*y|0<Ly.x+y+n))[r:=y]
*x|0<x+ty<n.(*(y|0Ly.x+y+n))[r:=y])
*x|0<x+y<n.*y|0<Ly.x+y+n))

Oef 3:
Lemma:
(e=y)Adlv:=e]=(e=y)Ad[v:=y]
=<st3l1>(e=y) A (d[v:=e]=d[v=y]) =(e=y)
=<st37>(e=y)=>(d[v:=e]=d[v:i=Yy])
—> aanname van het antecedent (e = y) + Leibniz
*(y | r[x :=1(y)] . e[x := f(y)] = <eenpuntsregel> ¥y |rx=1(y)]. *x|x:=1(y).¢e))
= <vernesteling> *xy | r[x =f(y)] A (x =1(y)) . e)
= <lemma> *xy | r[x =x]AX:=1(y)).e)
= <subst.> *xy|rAx=1y)).e)
= <vernesteling> *x|r.*(y|x=1y).e))
= <aanname> *x|r.*(y [ fi(x)=y.¢e))
= <eenpuntsregel> *x|r. e[y =f(x))

= <subst. y niet vrijine> *(x|r.¢e)

Stelling 65: (a):

Vx|r.p) =<ax23>V(x.r=>p)
=<st36> V(x.T1Vp)

Stelling 65: (b):

VE|r.p) =<ax23>V(x.r=>p)
=<st37> V(X.rAp=r)

Stelling 65: (¢):

V(x|r.p) =<ax23>V(x.r=>p)
=<ax13>VE.r¥Yp=p)

Stelling 66: (a):

VX|gqAr.p)=<ax23> V(x.qAr=>p)
= <std2> V (x . q=> (r=>p))
=<ax13>V(x|q.r=>p)

Stelling 66: (b):

V(x|qgAr.p=<ax23>V(x.qAr=>p)
=<st42> V (x.q=> (r=>p))
=<st36> V(x.q=>(1Vp))
=<ax23> V(x|q.rVp)



Stelling 66: (c):

V(X|qAr.p)=<ax23>V(x.qAr=>p)
=<st42> V (x . q=> (r=>p))
=<st37>V(x.q=(Ap=r))
=<ax23> V(x|q.rAp=1)

Stelling 66: (d):

V(xX|qgAr.p=<ax23>V(x.qAr=>p)
=<st42> V (x.q=> (r=>p))
=<ax13>V(xx.q= @ VYp=p))
=<ax23> V(x|q.rVp=p)

Stelling 67:

VE|r.p) =<stI5>>V(|r.pVYO0)
=<ax24>pVY V(x|r.0)
=<ax23>pVY V(x.r=>0)
=<st51>pV V(x.1)

Stelling 68:
V(X)) =>(VX[r.pAQ=pAV(x|r.q)

V|r.pAq) =<ax18> V(X |r.p)AV(x|r.q)
=<st67>(pVY V(. T)AV(X|r.q)
=<sto>(pY V. T1)AV(EX]|r.q)
=<VE.T=1>@(pY-1)AVE|r.q)
=<ax4,stl5>pA V(x|r.q))

Stelling 69:

Vx|r.l) =<ax23>V(x.r=>1)
=<st49> V (x.1)
=<st52> V (x. 0=>%)
=<ax23> V(x|0.x)
= <axl6a> 1

Stelling 70:

Vx.p=q=>(V(x[r.p=V(x|r.q)
V|r.p=q)=>(VX|r.p)=V(x[r.q)
<St30>V (x| r.p=q) A VE|r.p)=VE|r.p=qAV(EI|r.q)
=<ax8a>V(x[r.(p=q)Ap)=VE|r.(p=q*q)

=<stb0a>V (x[r.(p=q A=V X|r.(p=q*q)

- inst. van st3



Stelling 71:

V|gqY¥r.p)=<axl9a>V(x|q.p)ANVE|r.p)
=> <st53b> V (x| q . p)

Stelling 72:

V|r.pAq=<axl8a> V(x|r.p)A V(x|r.q)
=> <st53b> V (x |r.p)

Stelling 73:

V(x|r.q=>p)=>(V(x|r.q)=> V(x|r.p))
= <std2>V (x|1.q=>p)=>(V(x|r.q) => V(x|T.]))
=<axl8a> V(x[r.(q=>p)Aq)=> V(x|r.p)
=<st37> V(x|1.(Q=>p) A A V(xX|r.p)= V(x|r.(q=>p) Q)
=<axl8a> V(x|r.(q=>p)AqAp)=V(X|r.(@q=>p)*q)
=<st43> V(x|r.qApAp)=V(x|r.qAp)
=<st20> V(x|r.qAp)=V(X|r.qAp)
- inst. van st3

Stelling 74:

YV (x.Dp) =<ax22,y#gp,yg@e> V(y.plx:=y])
=<axl1>V(y|y=eV—~(y=e).px:=y]
=><st71> V(y|y=e.p[x:=y])
= <ax17>p[x == y] [y = €]
= <subst> p[x = ¢e]

Stelling 75: (a):

Y (x|r.p) =<st6>——V(x|r. )
=<ax25>—3 (x|r.p)

Stelling 75: (b):

3 (x|r.7p) =<ax25>-V(x|r.—p)
=<ax6> "V (X|r.p)

Stelling 75: (¢):

VE|r.p) =<sto>——V(x|r.p)
=<ax25>—3 (x|r.p)

Stelling 76: (a):

dx|r.p) =<ax25>-V(x|r.p)
= <st65a>—~V (x .~V ~p)
= <st29a> ~V (X . _‘(I' A p))
=<ax25>3 (x.rAp)



Stelling 76: (b):

3 (x|qAr.p) =<ax25> "V (x|qAr.p)
=<ax23>-V(x.(qA1r)=> D)
=<std2>~V (x. (q=> (r=>"D)))
=<st36> -V (x.(q=> (1Y)
= <st29a> —V (x . (q=> (—(r A p)))
=<ax23>-V(x|q.~(r A p))
=<ax25> 3 (x|q.rAp)

Stelling 77:

qA3 (x[r.p)=<st6>—~(qA I(x|r.p)
=<st29a>—~(—q VY ~3I(x|r.p)
= <st75¢>—~(—qV V(x| r.p)
=<ax24>-V(x|r.—q VY p)
=<st29a> -V (x|r.~(q A p))
=<ax25> 3 (x|r.qAp)

Stelling 78:

pAI(x.1) =<st20>p A3 (x|rAr)
=<st76a>p A3 (x|r.1)
=<st77> 3 (xX|r.pAr)
=<st76a> 3 (x.tApAr)
=<st20> 3 (x.rAp)
=<st76a> 3 (x|r.p)

Stelling 79:

F(x.r) =<ax25> -V (x.T)
=><st68> V(X |r.pA—-qQ)=—pA V(X|r.q)
=<st29b> V(x|r.(pYqQ)="pA V(X|r.q)
=<st75¢c>—dx|r.pYq@Q=pA—-3(x|r.q)
=<st29b> I (x|r.pYq=—(p VY IX|r.q))
=<st5> I x|r.pYqQ=pV3 (x|r.q)

Stelling 80:

Jxx|r.0) =<st76a>3 (x.rA0)
=<stl8> 3 (x.0A)
=<st76a> 3 (x|0.r)
= <ax16b>0

Stelling 81:

3 x[r.pp=>3 x[qVYr.p)
=<ax19b> 3 x|r.p)= I x|q.p)V I X|r.p)

(st53a)



Stelling 82:

Fx|r.p)=>3 (x[r.pYq)
=<ax18b> J x|r.p)= I x|r.p)Y I (x|r.q) (st53a)

Stelling 83:

V (x|r.q=>p) =<st38> V(x|r.p=>—7q)
=><st73> V(x|r.p)=> V(x|r.—q)
=<st75¢>—~I(x|r.p)=>—"3I(X]|r.q)
=<st38> 3 (x|r.q)=> 3 (x|r.p)

Stelling 84:

p[x:=e]=>3(x.p)
=<st38>—~3(x.p)=>~(p[x:=¢])
=<st75¢> V (x. 7p) = ~(p[x :=¢])
= <subst> V (x . 7p) => ~(p)[x :=¢]
- inst v st74

Stelling 85:

Ix[r. V(ylq.p) =<st75c>~V(x|r.~V(y[q.p))
=<st74, st84>—3A(x |[r. =V (Y| q.Dp))
=<st74, st84>—3(x|r.~3(y|q.p))
=<st75a> V(y|q. 3 (x|r.p))

Stelling 86:

V|r.pYVE|r.q=>V(X|r.pYq)
=<st25a> (V(x|[r.pA(pYqQ) Y V|r.qA(PpVq)=VE|r.pYq)
=<stS5>(V(x[r.pA(pYqQ)=V|r.pYQq)
AVE|Ir.qAPYq@)=>V|r.pYQq)
=<st72> 1 A 1
= <st20> 1

Stelling 87:

Ax|r.pArq) =<st75b> -V (x|r. (p A q))
=<st29a> -~V (x|r.—p VY —q)
=> <st86> (V (x| r. 7p) ¥V V(x| 1. —q))
=<st29b> -V (x| 1. p) A~V (x| 1. 7q)
=<st75¢> 3 (x|r.p) AN I (x]|r.q)



